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PREFACE. 


The object of this work is to supply the wants of 
those students who, for reasons connected with ex- 
aminations or otherwise, wish to have alcnoy^ed^e 
of “the elements of Elliptic Functions, not inchld- 
ing the Theory of Transformations and the Theta 
Functions.” It is right that ^^ould acknowledge 
my obligations to the treatise of ri^ofessor Cayley 
and to the lectures of Dr. Glaisher, as well as to 
the authorities referred to from time to time. I 
am also greatly indebted to iny brother, Mr. A. L. 
Dixon, Fellow of Merton College, Oxford, for his 
kind help in reading all the proofs and working 
through the examples, as also for his valuable 
suggestions. 

A. C. DIXON. 


Dublin, October, 1894. 




CONTENTS. 


CHAPTER I. 

PAGE 

Iktrodugtion. Definition of Elliptic Functions, - 1 

CHAPTER II. 

First Deductions from the Definitions. The Periods. 


The Related Moduli, 8 

CHAPTER HI. 

Addition of Arguments, 25 

CHAPTER IV; 

Multiplication and Division of the Argument, - - 38 

CHAPTER V. 

Integration, v 46 

CHAPTER VI. 

Addition of Arguments for the Functions JB ^ H ^ - 63 

CHAPTER VII. 

Weierstrass’ Notation, - v - - - * 63 



Vlll 


CONTENTS. 


CHAPTEE VIII. 

PAUii: 

DjflGBNEllATION OF THE ELLIPTIC FUNCTIONS, - - - 69 

CHAPTER IX. 

Differentiation with Respect to the Modulus, - - 73 

CHAPTER X. 

Applications, - . - . - - - * - 82 

APPENDIX A. 

The Graphical Representation of Elliptic Functions, 120 

APPENDIX B. 

History of the Notation of the Subject, 


136 



ELLIPTIC FUNCTIONS. 


CHAPTER I. 

INTEODUCTION. DEFINITION OF ELLIPTIC 
FUNCTIONS. 

§ 1. In the earlier branches of mathematics func- 
tions are delined in various ways. Some are the 
results of the fundamental operations of algebra, 
aj-hl, 205, 05^ are such functions of 05. Others are in- 
troduced by the inversion of those operations; such 
are 05—1, l/o5, and others by conventional ex- 

tensions of them, as 05 ”^, e*. It is not easy to draw 
the line of distinction between the two last-named 
classes. Sometimes, again, geometrical constructions 
are used in the definition, as in the case of the 
trigonometrical functions. 

§ 2. The elliptic functions cannot readily be defined 
in any of the foregoing ways; their fundamental 
property is tliat their differential coefficients can be 
expressed in a certain form, and as this is a somewhat 
new way of defining a function, we shall take one or 
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two examples to show that it is as effective as any of 
those above mentioned. 


§3. Let us define the exponential function by the 
equation 

(I 

expu=expit. 

This equation tells us what addition is to be made 
to the value of exp u when a small change is made in 
that of u, and would therefore enable us gradually to 
find the value of the function for every value of the 
argument u, provided we knew one particular value 
to start with. Suppose then that when u has the 
value 0, exptt has the value 1, that is, exp 0 = 1. 

This equation combined with the former supplies a 
definition of the function exp u.* 


§4. From the foregoing definition we can deduce 
the properties of the function exp u. First of all we 
can find an expression for exp(u+'y). 

Lot u+v=^iVy and supj^ose w to bo kept constant 
while u and v vary. 


Then 


d d 

^expv= — ^oxp'z;= — exp?;. 


d d 

Thus exp n . exp v+exp v . ^ exp u = 0, 


' du 


or 


d 


^(expuexpt;) = 0. 


Hence exp u exp -y is a constant as long as is a 
constant, and has the same value whatever we may 
put for u and v so long as %+v—w, 

* Compare the coQ|itruGtion of trigonometrical tables, as explained 
in works on Trigonometry. The sine, tangent, etc., of every angle 
are found by adding the proper increments to those of an angle 
slightly less. 
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Put then t;=0, u = tc;, and we have 
exptoexp ^; = exp^^;expO = exp(u+^?), since exp 0 = 1. 


§ 6. We can also deduce the expansion of exp u in 
powers of u. 


For 


d 

exp u = exp 


so that 


^-^-^expu= 




and 




which = 1, when u = 0. 

Thus Maclaurin’s Tlieorein gives 

'IHj^ 

expu = l+u+2j + ---+^ + '--» 


the convergency of which may he established in the 
usual way. 


§ 6 . As another example, define the sine and cosine 


by the equation 

d . 

smw— cos w, 

dw 


where 

cos^tt+sin^— 1 , 

••■.(2) 

and 

sin 0 = 0, cos 0 = 1. 



§ 7. Differentiating (2), wo have 

cos ui' cos 16 + sin u cos u = 0, 
du 

d 


whence 

as cos Vb is not zero in general. 


, cost6= —sinu, 
du/ n' 


,.( 3 ) 
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§ 8 . To find ftin(u4-'y) and cos(u+i;) put n+v=w, 
a constant, as before. 

Consider a symmetrical function of u and v, such 
as sill tt+ sin 

^(sin u + sin v) = cos u — cos v. 


In tlic same way 


d 

du 


(cos u + cos — sin u + sin v. 


,.(4) 


,.(5) 


But cos^u + si n-ii = + sin^v, 

so that (cos tt — cos ^Xcos u + cos v) 

= ( — sin u + sin 'i;)(sin it -f sin v). . 

Hence (cos u + cos n + sin v) 

= (sin u + sin ?;)^^^(cos u + cos v)^ 

+1.0+ sinti.+sinv ^ _ sin(i/, + t^) 

cos tt + cos co8(u + ^^) + 1 

putting 10 for u and 0 for 

Then from (4) and (5) 

— sinu+sinv , , 

1 =:a const, also, 

cos u— cos V 

_ sin(u4-'!;) 

""I — cos(u+'2^y 

And wo find by solving 

. - . sin%— singly 

^ ^ sin n cos v — sin v cos u 

= sin u cos t; +Bin v cos u by help of (2). 

Here again the functions may be expanded by 
Maclaurin’s Theorem. 
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§ 9 . The equatioiiH of definition are Hatisfied also if 
we change the signs, of u and of sin u. Thus 

sin ( — 16 )= — sin 
cos( — u)= cos M. 

The equations (1) and (2) arc also satisfied if cos u 
is put for sinu and —sin '66 for cosu. The initial 
values however are now different and a constant must 
be added to 16 . Call this constant trr. 

Tlien sin(i6 + cr) = cos t6, 

cos(i6 + ct) == — sin 16 , 

if nr is such that sin ct = 1, cos ct= 0. Hence 

sin( + 2 ct) = coh{u + nr) = — sin 16 , 
cos(i6 + 2rrr) = — sin(i6 + ni) = — cos u, 
sin(i6 + 4cy) = — sin(i6 + 2tJ) = sin v , 
cos(i6 + 4n) = — cos(i6 + 2ti7) = cos u. 

Hence the functions are unchanged when the argu- 
ment 16 is increased by 4 ct, that is to say, they are 
peHodic. 

§ 10 . Again, writing i for V — 1 , 

^(cos 16 + 1 sin 16) = t(cos 16 H - 1 sin u), 
d 

or dcu^^^^ 16 + 6 sin u ) = cos u -f i sin 16, 

and cos O + i sin0 = l, 

so that cos 16 - 1-1 sini6 = cx 2 )n^ 

This equation includes De Moivre's Theorem, and 
shows that expu is also periodic, the periodS^eing 4tcy. 

These examples may be enough to show that func- 
tions which we know already can be defined in the 
way that was mentioned in § 2. 
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§11. Now the three elliptic functions snu, enu, 
dn u * are defined by the equations 

d A 

-j- sn t6=cn u dn u, 

dVj 

cn2u+sn2u = l,f 
dn2u^+/<;^sn% = l, 

Hn0 = 0, cnO = dnO = l. 

From these it follows at once that 

d , 

cn u= — sn dn 

f- dn u = — /An u cn ul 
dn 

The quantity k is a constant, called the modulus ; 
n is called the argument 

§ 12. For different values of the modulus k (or, per- 
haps, rather of k^, as the fii'st power of k docs not 
appear in the definition) there will be different values 
of the elliptic functions of any particular argument, 
in fact, snu, enu, dnu are really functions of two 
independent variaoles, and when it is desirable to 
call this fact to mind wo shall write them 

sn(u, /c), cn(u, k\ dn(u, k). 

We shall also use the following convenient and 
suggestive notation, invented by Dr. Glaisher : — 

cn u/dn u = cd u, sn u/cn u == sc u, 

dn u/cn us= dc u, 1 /sn u =ns u, 

l/cnu=ncu, etc. 

' It is usual to write k' for and k' is called 

the complementary modulus, 

* Read 8, n, u — c, n, u — d. n, u, 

tHere and ^sewhere sn^u, etc., stand for (ante)^* fts in 
Trigonoxuetry. 
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The reader will not fail to notice the analogy 
between the two functions sn u and sin u, as also that 
between cosw and cither cnti or dnu. (Compare 
§§ 74-75 below.) 

EXAMPLES ON CHAPTER 1. 

1. Find the value of tan(u-l-w) in terms of tanw 
and tan v from the equations 

^tan'U=l-|-tan^, tan0 = 0. 

2. Prove also that tan a is a periodic function of u, 
the period being twice that value of u for which tan u 
is infinite. 

3. Find the value of sech('a-|-v), given that 

^ acch u—— sech a tanh a, 

where sech^a + tanh% = 1 , 

and that sech 0 = 1, tanh 0=0. 

4. Find the differential coefficients with respect to 
a of ns a, nc a, nd a, sc a, sd a, cs a, cd a, ds a, dc a. 

Ans. —esadsa, scadca, fc%dacda, ncadca, 
ndaeda, — nsadsa, — fc^danda, — esansa, 
F%canca. 

6. Differentiate with respect to a 

(1) snM/(l-hcna).- Ans. dna/(l-l-cna). 

(2) sna/(l-)-dna). Am. cna/(l-|-dna). 

(3) cna/(l-|-Hna). Am. — dna/(l+ sna). 

(4) dna/(l-|-Asna). Am. — A:cna/(l-|-/csna). 

(5) arcsinsna. Am. dna. 

(6) 8na/(dna— cna). Am. l/(cha— dna). 



CHAPTER 11. 

FIRST DEDUCTIONS FROM TUE DEFINITIONS. 
THE PERIODS. THE RELATED MODULI. 

§ 13. It follows fi’om the forogoitig definitions that 
if a function 8 or S(v) of a variable v satisfies the 
equation 

( 1 ) 


where C and L are other functions of v connected 
with S by the equations 


U2 + *S*=1 

( 2 ) 

D2+X2N*=1; 

( 3 ) 

then 8 = sn( v + a, \), 

( 4 ) 

C= cn('!;+a, X), 

( 5 ) 

I)=(hi(v+a, X) 

(6) 

where a is such a constant that 


sn(o, X)=;S(0), 

( 7 ) 

cn(a, X)=U(0), 

( 8 ) 

dn(a, X)=D(0) 

( 9 ) 


tfiese last equations being clearly consistent. 
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§ 14. Now, in the first place, the foregoing con- 
ditions hold if we put 

snu, (7=cni6, 7) = dn^^, X = ^, v=—Uy a = 0; 
and thus sn( — u) = — sn u , ' 

cn(--u)= cntt., 
dn( — u)= dni-6, 

or cn and dn are even functions, and sn is an odd 
function. 




,.(10) 


§ 16. We have also 

sc u = (cn^^i. dn u + sn^u dn u)lcn^u 

= dn n /cn% = dc it nc u, 

and in the same way 

d , 

nc'W= sew dc a, 


du 

A 

du 

A 

du 

d 


dc M/ = /i:'*^scwnc u, 
CH u= — dsunsu, 


, ns u= — cs u ds w, 
du 

d , 

- 7 - ds u = — cs u ns w, 
du 

Asdu^ edwnda, 
du 


A 

du 

d 


cd = — /c'%d u nd w, 


^^-ndit = Hsd t^edw (11). 

By integrating these equations we shall deduce 
several important theorems. 
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§16. Take for mstance 

-4^cdu= — F^sdund u. 

(I'll 

We have cn%+sn% = 1, 

dn% + h%T?n = 1 ; 
and dividing by dn^ic, 

cd^i6 + sd% = nd%, 

l + ^%d^it = nd^u. 

Hence /i;^%d%+cd^u = l, by elimination of nd%, 
and A;'%d^u+/Ad% = l, by elimination of Hd‘%. 

In the equations (1) ... (6) of this chapter we may 
therefore put 

flf = cd u, (?= — ifc'sd Uy D = /c'nd Uy X = fc, u. 
The value of a is such that 

sna = l, cna==0, dna = /<?'. 

Let us write K for this value of a ; then we liave 
sn(i6+iSr)=cdu, 'I 

cn(H + ir)= — A;'sd u, I (12) 

dn(u + if ) = /c'nd u. J 

§ 17. From these it further follows that 
sn(u+2-K")= cd(t6+/f) = ~Z;'Hd u-^h'n(\ t6=-sn u, 

cn(u + 2K) = — /»;'s(l(u + if ) = - A;'cd u fe'nd u=-cnUy 
dn('i6 + 2if ) = Iv -T- dn(t6 +K) = dn u. 

Also sn(t6+3if)= --sn(u+if)= —cdu, 
cn(u + 3K ) = fe'sd 16 , 
dn(i6 + 3K ) = /c'nd 16 , 
sn(i6+4if)= — sn(i6+2if)=sn 16 , 
cn(i6 + 4if ) = cn i6, 
dn(u + 4^^) = dn i6. 
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Again, sn(A' — ii) ■=■ cd( — u) = cd u, 

cn(/f — u) = Aj'sd u, 
dn(iL ^u) = /c'nd u. 

Thus the function dn u is unaltered when its 
argument is increased by 2K\ snu and enu are 
unaltered when the argument is increased by 4ir, that 
is to say the functions are periodic. 


§18. Take now the equation 

d , 

-y- ns u= — cs It ds u, 
du 


where — + ns^t6 = I , 

— ds^u + ns% = lc\ 

Here we may write 

^/ = 'rnSU, (7 = ydS'2t, D — ichu , X = /c, 
w tC 

but sna, cna, dna are all infinite. We have, however, 
csa = e, <lRa = tfc. 

Let this value of a be called L for the time being. 
Tlieii sn(u + ^ 


cn(u+ L) — jdsii, 

dii(u+ L)==ichu, 
sn(u+2Z)~ sni6, 
cn(u + 2i) = — cn w, > 
dn(u+2L)= — dnu, 

cn(u + SL) = — ^ ds a, 

dn(it + SL) = — £ cs tt, 
cn(t6+4A)=: cnit, 
dn(u + 4i) = dn u, ^ 


.( 13 ) 
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§ 19 . Also 

-j- K -f" -Zir) = I1S(‘U -|“ = 

Q,n{'w+K+L)—^ ds(u+^) = 


j; dc u, 
iM 

ncu, 


dn(u + ir+ i) = I cs(u + K) = — l¥hc u, 
8n(t6 + 2K + 2Z) == — sn u, 
cn(t 6 + 2 ir+ 2 Z)= cni 6 , 
dn(t6 + 2K + 2Z) = — dn u. 


L.(14) 


§ 20 . Hence 

sn VL liaH a period 2Z as well as 4isr, 

cn vb has a period 2/f+2Z as well as 471, 

dn u has a period 47> as well as 2K. 

We may also notice that 

sn(A'’+/.)=J., Qn{K+L) = ^, (ln(A+/v) = 0. 


THE COMPLEMENTAKY MODULUS. 


§ 21 . Now consider the first equation of the system 
( 11 ). 

d 


dn 


scu = dci^nc n, 


where nc‘^u — sc% = 1 , 

dc^u — /<;'^sc^w- = l. 

Hence we may put 

fif=(scu, 0=ncu, 7) = dci6, v=iu, \ = k\ 
in the equations (4), (6), (6) ; and as 

Sf(0)=0, f7(0) = Z)(0) = l, 

a = 0. 


we have 
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Thus sn(rtt, k') = i sc(w , k), ^ 

cii(m, k')= nc(Uy k), V (16) 

cln(m, k')= (]c(u, Jc). J 

These equations are of fi^reat importance. They 
embody what is called Jacobi* s Imaginary Trans- 
formation and enable us to ex])ress elliptic functions 
of purely ima^nary arguments by means of those of 
real arguments with a difterent modulus. 

§ 22. Tn the equations (1 5) put L for n. 

Then sn(/X, k!) = i sc( L, k) = 1, 

cn(iL, A/) = 0, 
dn(£L, k')=^k 

Thus iL stands to Ic in the same relation as K to /<j, 
and we are naturally led to write 

Thus if m and n arci any two wliole numbers 

sn( a + 2mK + 2 ntK ') = ( — 1 y^m u, "j 

cn('Z^. + 2mK + 2 niK') = ( — 1 +’^cn n, I (16) 

dii( u + 2mK + K') = ( — 1 yMn n, J 

We have tlien the following scheme for the values of 
sn, cn, dn, of \i+mK+nbK\ m and n being integers : 


m = 0, 

m = l, 

m s 2, 

m = 3. 

sni6, 

cdUy 

— sn u, 

— cd u. 

enUy 

— t'sd Uy 

— cn Uy 

A'sd u. 

dn u, 

k'nd Uy 

dnu, 

/c'nd u. 

(ns w)/ky 

(dc u)/ky 

— (ns u)lky 

-(dcu)//^. 

t(d8u)lky 

^ik\jiQ.n)lky 

i{dBu)lky 

Lk!{TiQ!U)lh 

ics u, 

ikm Uy 

— i cs u, 

t/c'sc u. 
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m = 0, m = l, m?=3. 

snt6, cdu, — sntt, — ciU^. 

71 := 2 — cn u, /c'sd cn u, — /»;'sd u. 

— dnu, — /c'ndu, — diiw^, — //ndt(.. 

(nHu)/4’, (dcu)/fc, —(ns !(/)//*, — (<lcu)//i;. 

7?, = 3 i((ls it)//';, tl/(nc‘u)lky — /(<Isi6)//>’, — 

t CS — t//sc 7t, I CS 16, — / //sc ?>(.. 

the modulus in the congi'uences bein^ 4. 

§ 23. These equations sliow that a knowledge of* the 
values of sn cn dn u does not enable us to fix the 
value of 76, and that accordingly the value of K is not 
perfectly defined since we have only assigned the 
conditions 

sn/r=l, cnA"=0, dn K=k\ 

Writing x for sn u we have 

cn 76 = (1 — x^)^y dn 76 = (1 — 

Henco u = pi - ^*)"\l - 

0 

the lower limit being 0 because 76 and x vanish 
together. 

Thus -^=10 - 
0 

This is a function of k only. The variable ^ will be 
supposed in the integration to pass continuously 
from 0 to 1 through all intermediate real values and 
those only, and the initial value of the subject of 
integration will be supposed to be unity and positive. 
There is now no ambiguity in the value of K so long 
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as is less than 1. Also with the saino provision K 
is a purely real positive quantity as every cleiueiit in 
the intej^ratioii is so. 

Further, k' is to be the p)sitivo value of (1 — P) , 
for dll 16 does not cliaiige sign within the limits of 
integration and fc' = dniL. 

§ 24. Again, so long as k'^ is less than 1 , K' is also 
a purely real positive quantity. 

Thus for values of the modulus Ixitween 0 and 1 
the periods 4fK and iiK' are the one I'cal, the otlier 
purely imaginary. 

We shall now show how to reduce elliptic functions 
in which the scpiarc of the niodulus is r(‘-al, but not a 
positive proper fraction, to others in whicli the modulus 
lies between 0 and 1. 

d 

S 25. Wo have - sii = cn u dn u, 

^ dvb 

and we may put 

(7=dut6, 7> = cnt//, 

provided wo have 

S=yfcsnu, X==l/&, v — ku. 

Furthermore a = 0. 

Thus 1 jk) = k sn(t6, k), \ 

cn(/»;i6, l//v)= dn('66, Zj), i (17) 

dn(Z^?t, l/k)=^ cn(66, /»;). J 

The equations (17) enable us to reduce the case of 
a modulus numerically greater than unity to that of 
one less than unity. 
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§ 26. From the equations (15) and (17) we deduce 
]///) = /ir'sn(ra<, /c') = tZ/sc(ie-, h\ ' 

cn(t/<;'u, 1///)= ihx{iujc!)= dc(i^ Z;), - (18) 

dn(< /c'u, 1 ///) == cn(t u, k') = nc(w, k), 

and also, since Mjh is the modulus complementary 
to Ijk, 

sn(tZ;u, ik'lk) = t sc(/i 1/Z*) = ik sd(u, AO,! 

(!sn{ikub, ilJjk) = nQ,{ku, 1 jk) = nd('t6, h), I (19) 

dii(t^i^, ik^jk) = dc(Z;/x, Ijk) = cd(u, A;) J 
and fromJlO) by help of (15) 

sn(A/u, (k/k')= — «A/sd(m, A*') = A;'sd(i6, A;),'| 
cn(k'u, tk/I/) = nd(f u, k>) = cd(u, k), i . . .(20) 

dn(A;'u, t /c/A ') = cd(( xib. A;') = nd('it, A;),J 

§27. The (luantitics corresponding to iiT, iK\ the 
quarter-periods, are given in the following table for 
the group of six related modvli : — 

Firnt Second 


Modulus. 

Quarter-period. 

Quarter-period, 


K, 

iK', 


K', 

^K, 

11%, 

k(K-iK'), 

ikK', 

1/*', 

k'(K'-il{), 

ikfK, 

ik'lk, 

kK', 


ikjU, 

KK, 

kXK+iK'), 


the distinction being that sn = l and dn = the com- 
plementary modulus for the first (juarter-period, 
and that for the second sn, cn, dn are infinite and 
proportional to t, 1 and the modulus. 

§28. We call prove that if the modulus is a real 
proper fraction the elliptic functions of a real argument 
are real. 
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For as sn u increases from 0. to 1 , while cn u de- 
creases from 1 to 0, and dn n from 1 to k\ the argument 
u increases continuously from 0 to K, so that for any 
value of n between 0 and ii, sn'i(/, entt have real 
values between 0 and l,dn'zt lias a real value between 
k' and J . 

Also we see from 14, 17 that 

sn(27i — u) = sn u, 

QXi{2K—u)= — cn u, 
dn(2A — a)= dn u, 
so that when u lies between K and 27v. 

sn u is real and lietween 0 and 1 , 
enu „ „ Oand— 1, 

dn'K. „ „ 1 and k\ 

Again, si i( — «.)=— sn tt, 

cn( — '<//) = cn 
dn( — u)= dna, 

so that sn u, cn dn are also real for values of u 
between 0 and “-2/v. 

Also sn(u + 4fK) = sn n , etc. , 

so that, as any real quantity can be made up by adding 
a jiositive or negative multiple of 4/i to a quantity 
between ± 2K, sn u, cn iv, dn u arc all real if u is real. 
They arc also real if u is a conqdex quantity whose 
imaginary part is a multiple of 2iK\ for 

sn(u + 2tK') = sn u, 
ci\{w + 2tK')= — cn u, 
dn( a -1- 2lK') = — dn u. 

§ 29 . Further, when the imaginary part of u is tK\ 
or an odd multiple of it, 
sn u is real, 

cn u and dn u are purely imaginary. 
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for m(u+iK')^ l//jsnu, 

cn(i6 + tK') = — i dn ujk sn u, 
dn(tfc + tK') = — I cn u/&n u. 

Again, since sn(£t6, k) = £sc(u, k'), 
cn(iu, k)= nc(u, k'), 
dn(£M-, k)= dc(u, k'), 

it follows that for a purely imaginary argument or a 
complex argument whose real part is a multiple of 2K 
sn is purely imaginary, 
cn and dn are real. 

Also, for a complex argument whose real part is an 
odd multiple of K 

sn and dn are real, 
cn is purely imaginary, 

for m(K+iu,k)= cd(iu,k)= nd(u,k'), 
cn(K+iUy k)= — Aj'8d(tu, /c)= — t//sd(u, /*/)> 
dn(A" +tu,k)= k'iid{iU, k) = //cd(u, k'), 

§30. It is to be noticed that one of the periods at 
least is always imaginary or complex, and it may be 
proved that their ratio cannot be purely real. 

For let cDj and wg be two periods of a function ^(u) 
so that 

<p{u) = + ooi) = 4* W 2 ) = 

m and n being any integers. Also let wi/cog be real. 

Two cases arise. If and Wg have a common 
measure co let 

ft)i <*>2 = 

p and q being two integers prime to each other. 

Then integral values of m and n can be found such 

mp+nq = l, 

so that 0(u + ft)) = 0(w), 

and the two periods ooi, ( 1 O 2 reduce to one, ft). 
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§ 81 . But if, on the other hand, coj and wg arc incom- 
mensurable we can prove that moo-^+noD^ may be made 
smaller than any assignable finite (juantity. 

For let Xwg be the nearest multiple of cog to ; then 

A(Wg( = 0)3, say) is less than ^Wg. 

Ijet /xftjg be the nearest multiple of Wg to wg ; then 
ojg /xwg, or ft)^, is less than ^cDg, 
and so on. Then 

a)2+r i« less than ^^Wg, 

which can be made smaller than any assignable finite 
(Quantity by taking r gi*eat enough. Also each of the 
quantities cog, 0)4, ..., is of the form mwi + 'Jicog, so that 
the statement is proved. 

In this case then if 0(^6+'ynft)4+'^^ft)2) = ^(u), the 
value of the function is repeated at indefinitely short 
inteiwals, and the function must be either a constant 
or have an infinite number of values for each value of 
its argument. 

§ 32 . It may be jiroved that the same kind of con- 
secjuences will follow if a function is supposed to have 
three periods whose ratios are complex. 

Wo shall represent the argument of the function on 
Argand's diagram, in which the point P whose coor- 
dinates are {x, y) refen’ed to rectangular axes OA", 
OF, represents the complex quantity x + iy. The 
statement that a straight line AB is a pen’od will bo 
understood to mean that if from any point P a line is 
drawn parallel to AB and equal to any multiple of it 
the value of the function is the same at the two ends 
of the line. 

Now let OA , OB be two periods. J oin AB, Through 
0 , A, B draw lines parallel to AB, BO, OA respectively. 
Through their intersections draw other lines in the 
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same directions and continue the process till the whole 
plane is covered with a network of triangles, each 
equal in all respects to the triangle OAB, Then any 
line joining two vertices of triangles of the system is 
a period, since each side of any triangle is one. 

The triangles can be combined in pairs into paral- 
lelograms, all exactly alike, and similarly situated, and 
the values of the function at points similarly situated 
in different parallelograms will be the same. Such a 
parallelogram is called the ‘parallelogram of the 
periods.* 

Suppose, however, that there is a third period OC ; 
then C must fall within or on the boundary of one 
triangle of the network. If it fall at an angular point 
then OC is not a new period, but is only a combination 
of OA and OB, If it fall on a side of a triangle, say 
DEy then DC and CE must be periods, and their ratio 
is real, since they are in the same direction ; thus this 
case reduces to the one already discussed. 

If G fall within a triangle, say DEF, then CD, GE, 
CF are all periods. Let 0 be the point similarly 
situated within the triangle OAB, then 00, AO, BO 
are all periods being respectively equal to CD, CE, CF 
in some order. Any of the triangles OBO, BAO, AOO 
may now be taken as the foundation of another net- 
work covering the whole plane, and since there is 
still a third period, we can again find a point within 
the fundamental triangle with which to carry on the 
same process. We can prove that ultimately either 
the point will fall on the boundary of one of the 
triangles, which case has been discussed above, or 
a period can be found shorter than any assigned 
finite straight line. 

We shall form each triangle from the one before 
it as follows. Let 0a6 be a triangle of the series, and 
g the point found within it. Let Oa^Oh, Then we 
take Ohg as the next triangle of the series. 
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Let e be any finite length, then we shall prove 
that a period can be found shorter than e. Suppose 
that none such can be found among the sides of such 
triangles as ABG, abff, which have not 0 for 
a vertex. 

The angle Oab is always acute, and can never be 
greater than Jtt— where j8 is some finite acute angle. 
For if there is no such limit, and Oab can be made to 
approach nr 12 without limit, then since Oba^Oab, 
aOb can be diminished without limit, and therefore 
ab can be made less than e. 

If Oh is drawn perpendicular to ab and g falls 
within the triangle Ohb then Og < Ob, 



If not, we have 

Oa — Oflf = ag sin i(Oga — Oaflf) -t-cos \aOg>e sin 
for ag >e, Oga > Oha > Jtt, Oag < J'tt — j8. 

Thus Og is less than Oa by a finite quantity, and if 
Og > Oh it will be reduced by a finite quantity at the 
next step and so on, until after a finite number of 
steps we have a triangte in which Oh is the greater 
side. We can then replace Oh by a line which is less 
by at least esin J/3, and carry on the process, reducing 
this line again in the same way. 

Let fA be the greatest integer in 06-f-€ sin Then 
after fi stages at most the shorter side Ob of the 
triangle Oafe will be replaced by a line less than 
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e sin and therefore less than e. Each of these jjl 
stages will consist of a finite number of steps by which 
the originally greater side of tlie triangle is gradually 
diminished till it becomes the less, followed by another 
step in which that which was the less originally is 
itself diminished. 

It is proved then that if there are three periods 
W.2, 0)3, either they are not independent but satisfy 
an identity of the form 0)3 = 0 with in- 

tegral coefficients, or else a penod can be found whoso 
modulus is smaller than any assignable finite quantity, 
so that the function has an infinite number of values 
for any single value of its argument. It might of 
course be a constant. 


EXAMPLES ON CHAPTER II. 


1. Prove that each of the twelve functions snu, 
cn u, ns u, . . . , can be expressed as a multiple of the sn 
of an integral linear function of u with one of tlie six 
related moduli, in two ways, e.g, 

dn(i6, k) = ¥m.(K' — iK— iu, /<;'). 

= fMi{k!K'--ih'K^ik;u, Ijky 

2. What are the periods of the functions sc dc Uy 


dsu, 


sntt 
l + cnt(.’ 


enu , 

— , snucdit, 
1-fsnu 


sn^tf, 


snu ^ 


Putting 8 for snusn(t6-l--K"), verify that 

jq 1 

(1) 

{<inw+dn(tt+^)}2+A^(g^=(l +A0®, (2) 

{dnw— dii(M+^)P+A:*iS®=(l— A/)* (3) 

Deduce that 

( 1 + = 8n|M(l + k'), J ^ 
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and find the values of 

cn|u(H-^), and dnl^Cl+AO, 

4. Putting 8 for sn u dc u, prove that 

= 1 + 2(A'* - k^)S^ + S*. 

5. Verify that 

““{(1 +*’)“’ i^}“iTW' 

«^{(l +«>)». !+*(,} = 1^. 

-1 In J T\ 2A:^ I 1—kii^ 

where s, c, d are sn(u, 7c), cn(M, /c), dn(t^, /c), respectively. 

6. If = — 1, prove that 

sn u( — 2)^ = ( — 2)^ sc u nd 
cn — 2)^ = nc u nd It. + A; sc u sd u, 

dn u( — 2)^ = nc le. nd u — /c sc tc. sd u. 

Hence prove that for this value of /c, 

7. If /c=sin 76®, verify that 

sn u( — 3)^ = ( sc tt(4/v/3 — 6 — m^u)/{4s — 2>n/3 — sn^u), 
cn t6( — 3)^ = (2 -/^3)(2 - v^3sn*w)/cnu(4 ~ 2^3 - sn%), 
dn — 3)^ = (2 — v^3)dc u(2 — sn%)/(4 — 2/\/3 — sn%). 

Prove also that for this value of k, 

KiK'=^a. 
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8. Find the expansions of snu, cnu, dnu in ascending 
powers of u as far as u®. 

Am. sn u = — ^1 + + ■i^( 1 + 14A:®+ A^)tt® . . . , 
cnu=l — 

dn u = 1 — + 1^) u*.... 

9. Trace the changes in sign and magnitude of 
sn, cn, dn for real and purely imaginary arguments 
for all real or purely imaginary values of h. 



CHAPTER III. 

ADDITION OF AEOUMENTS. 

§ 33. We shall now show how to express the sn, 
cn, and dn of the sum of two arguments in terms of 
the elliptic functions of those arguments themselves. 

Let and Uj be the two arguments and let us 
write Sj, e^, for sn u^, cn dn u-^, and Sj, Cj, 'd^ for 
snu,, cu'u., dntt,. This notation will often be found 
convenient 

Suppose and to vary in such a way that their 
sum is constant, say a. 

Then 'U.i+U 2 =a, 

Consider now some symmetric functions of and 
U 2 , as sn + sn sn tt^cn + sn u^cn etc. 

We have 

d 

+ ^2) ^ ~ ^2^2> 

= {d^ — d^C-fi2 “ ® 1 ^ 2 )‘ 

Vg) 

= -*Vl(C2® + a2®) + ^®2^2(^l® + ®l^) 
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Now — — S2%*)= = 

and thus we have 

d d 

(di + + Vi) = ( V2 + + ^2)- 

From this it follows at once that - Y ~ ^ - "|-^ = a const. 

rfi+rfg 

so long as u^+u^=^a. 

The value of this constant may be found by putting 

A j Tx • sna 

w-i = 0 and Uo = a. It is r— j — . 

^ ^ 1+dna 

™ sn(lti+Ua) _ StCa+S aCi 

l+dn('Ui+U2) 

§ 34. Again, ^ _ 1 

^ ® ®lC2 + «2^1 

= a constant also 


daa— 1‘ 

dn(u^ +U2)—l di — ^2 * 

Inverting these two relations and subtracting, we 
have 

2 d^+d2 di— c?2 

sn + 'M'2) “b ^2^1 ®2^i 

_ 2(8102 ^2 -ggC A ) 

81V ■"«2V ’ 


Mthrt 
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By inverting and adding, we have 


ds(Wj+«2)= 


o 2 w 2 * 


and 




®2pl^2 


§ 36. In the same w&f we could prove the following 
relations 

8A + '’2^1 _ S^Uj + Uj) 

Cj + Cg “c^Mj + itJ + l' 

8id.2 — _ sn(Mi + Mg) 

Cy—c^ ~cn(«i+tt 2 )— 1 ’ 

Oyd^+c^dy _ cn(w^ + u^ ) + dn(i f ^ + u ^) 

8y + 8^ 8n(tli + ttj) 

Oyd^ — c^dy _ cn( M^+ ttj) +^ 2 ) 

81 — Sj ~ sni^tti+ttg) ’ 

which we shall leave to the reader to verify. 


§ 36. Any one of them is enough to give the value 
of cnCiti+ttg). Adding the last two we have 


cs(%+W2) 



and hence (sa.(Uy+u^=^^^ — ^ 2^1 
' 1 SyO^^-a^ydy 

by help of the value given in § 34 for sn(«i+W 2 )' 


§ 37. The formulae just found can be expressed in 
other ways. 

We know that 

sn(«+/.K'')=|nsw, cn(u+<^r')= — ^dsw. 


dn(M. + iK') =* — I cs w. 
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Put then for in the above formulae, 

have 

8n( lij + Uj) — ^ 8n(% + 1 ir + 1 * 2 ) 

~ 1-A:W ’ 


We 


CS(tti + «^'+tt2) = 


(-'#+T)/( 


1 



cln(ttj + ttj) = t cs(% +iK'+ ttg) 


d8(tti+i^'+tt2)-( v)- 

The expression on the left is — t^;cn(ui + t62)> so that 


on(».+«,)=a'C;WA4. 


These three forms, in which the denominator is 
are those generally quoted. It may be 
verified by multiplication that they are the same as 
the former set. Thus, in the case of dn(Ui+^^2)> 

{dydg - Tc\8gCiC^8^o^g^ - SaCi^Zj) 

= + 1^8 *c^) - 8gC^d^d^ + V) 

for dj® + = 1 — k^a^a^ = d^® + k^a^c^. 

The other verifications are left to the reader. 


§ 38 . By putting u■^ + K for we may form 
another set from each of the two we have. The 
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four sets of fonuulae are embodied in the following 
scheme : — 

Numerator of sn(% + wj ; 

Numerator of cn(Mi+M2) • 

Numerator of dn(?ti+ i/,j) : 

d^d2-ls^8^8^iC2j SjCadi-ViC^jt CyC^id^'^’kfhiR^i 
Denominator of each : 

CyC^'^ fZj^dg "t* 

§39. The above formulae give the sn, cn, dn of 
Ug by simply changing the sign of 8^, 

Thus sn(tti-« 2 )=^;^^, etc. 

By combining different fonuulae wo easily find the 
following, writing A for — 

A 8n(tti+W2)sn(tti— ^^2)=8l*— «2®, 

A cn(Ui + u^en{u^ — = I — Sj® — Sg® + kW^, 

A tln(tti + M2)dn('tij - u ^) = 1 - /c®8i® - k \^ + 

A 8n(lti + tl2)Cn(Wi-'M.2) = 8iCi<i2 + 82 C/Zi, 

A sn(tti + W2)dn( Wj - w^) = 8iC2^i + 

A cn(tti + M2)‘^('“ 1 ~ k'^SiH^ 

A{1± sn(tti+U2)}{l± sn(tti-Mj)}=(c2±8irfj)®, 

A { I ± 8n(i4i + tt^)} { 1 ± A: sn(tti -u ^)}= (rfj 
A {dn(«i + ttjj) ± cn(Ui + tt^)} {dn(Uj- w^) ±cn(Ui-«2)} 

= (Cl<f2±Cj(fi)®, 

A{dn(«i +«s)±fc cn(tti+tt 2 )}{dn(Ui-«j) ±k cn(Mi-«j)} 

= {djd^±kc^c^\ 

A{1 ±cn(Ui+U2)}{l ±cn(tti-tt.g)} = (Ci±Cj)®, 

A{1 ±dn(ui+M2)}{l ±dn(«i-Ug))=(di±d2)*, 

A{1 ± cn(«.i + Uj)} { ^ T en(«j — Wj)} = (8irfjT8gdi)® 
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A{1 ±dn(tti+U2)}{l '1*2)}=^(8 iC2+«2Ci)®. 

A{/c' ±dii(Wi +' m. 2)} {A!'±dn(tti — V/^) = (Jd ±d-id^, 

A { A' ± dn(Mi + M 2 ) } {^' + dn(Mi — M 2 ) } = — leHc-^c^ ± 

A{dn(Mi+M2)±/c'sn(Mi+M2)}{du(Mj-W2)±A'sn(M^-M2)} 

= (C^^±K8if, 

etc., etc. 

The verification of the above results will give the 
reader useful practice in the algebraical handling of 
the elliptic functions. 

§40. Since u = 'y + a. is the integral of the equation 
(hi = dv, a being the constant of integration, the 
difierent addition-formulae may be considered as 
forms of the integral of the same differential ec^uation. 
Also if we write x for sn u, y for sn v, the differential 
ec^uation becomes 

which therefore has an integral that is algebraical in 
X and y, although neither side can be integrated by 
means of algebraical functions. This fact was known 
for a long time before elliptic functions were invented. 
Euler succeeded in intc^grating the equation 

X-^dx+Y-%=0, 

where X is a quartic function of x and Y is the same 
function of y. 

Let X = a®* + 6®* +cx^+ex +/, 

Y=ay*+by^+ cy^ + ey +/. 

Then the integration is as follows : — 

Write X', Y for dX/dx and dYjdy. 

We have 
X— Y 

B»a(a!®+®®y+®y®+y®)H:6(®®4-®y+^®)+c(aH-y)+e. 

x^y 

X'+ Fs=4a(a!®+y*)+36(®®+y®)+2c(®+^)+2e. 
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Thus 

1^- + n = - «(» + 2/X« - 2/X - - i/f 

Also ^X^ = \X-^X', ^~Y^ = ^TiY'. 

xi -F* x^-y^ x^+i^ K^'+Y') 

_(X^- Y^)d(x -y)-(x- y)diX^ - F^) 

““ X-Y-^X'+Y'Xx-y) 

_ __ 1 /Zi-F^ N 

(x-y)[a{:x+y)+^h} \ x-y )' 

Therefore 

— yi 

[a{x-\-y)+ib}<.Ux+y)= - 
/yi_ yi\2 

=«(‘»+y)*+^»(®+2/)+i/. 

(j being the constant of integration. 

Tins is the integral sought. 

Fxirther information, with references, will be found 
in Forsyth's Differential Eqaationn, pp. 237-247. 

§41. Suppose in the addition-formulae that is 
real, and imaginary. Then 8 ^, Cj, rf^, Cg, 

are all real, and Sg is purely imaginary. Thus the 
imaginary part of sn(Ui+'M' 2 ) 

i-’jfcVV 

This cannot vanish unless 83 = 0 or 00 , or 6*1 = 0 or 

c«i = 0. 

But cannot vanish as is real, and if we 
have Ui = an odd multiple of K. • 
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* Also since Ug is purely imaginary, if ^2 = 0 or oo 
we have ^^2 = a multiple of lK\ 

If tlien a complex argument have a real sn, its real 
part must be an odd multiple of K, or its imaginary 
part a multiple of tK\ 

In the same way if the sn be purely imaginary, 
^1 = 0 or 00 , or ^2 = 0 or These are all im- 

possible but the first, so that the real part must be a 
multiple of 2K, 

§ 42 . From this it follows that sn has no other 
period than 47i and 2iK\ For if A were such a 
period it must bo complex, say A^ + iA,j^, Then 
^.{'II+A^+lA^) is real or imaginary according as u is 
real or imaginary. 

If u is real we have 

A 2 = a multiple of if', 

for u+ Aj is not generally an odd multiple of K, 

If u is imaginary we have 

Ai = a multiple of 2if. 

Hence there can be no periods other than those 
already found. The same holds for cn and dn. 

§ 43 . Suppose now that there are two arguments 
ttg'and for which sn, cn, and dn are all th^e same. 
Then it follows from the addition-formulae that 

sn(Ui -I- Ug) = sn(ui + u^), etc., 
whatever may be. 

Hence is a period for sn, cn, dn, and must be 

a quantity of the fonn AmK+^niK', 

Thus all arguments having the same sn as u are 
included in the formula 

( — 1 + 2mK + 2niK ' ; 
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all having the same cn in the formula 
± u + ^mK + 2n{K + iK ') ; 
and all having the same dn in the formula 
±u + 2mK + 4iniK\ 

§ 44 . An impoiiiaut propei*ty of tlie elliptic 
functions, wliicli has been assumed once or twice in 
the foregoing pages (as in §41) is that they are 
nitiforvi, that is to say that each of them has oiie 
single (lefitiite value foi* each value of its argument. 
Many examples might be given of functions for which 
this is not the case ; is one. 

The property may be proved as follows : — 

Suppose snu = a?, and let us examine the behaviour 
of u and x when x is in the neighbourhood of a value a. 

Put x = a + and let a be the value of u when oj = a. 

Then {1 

The right hand side of this equation can be ex- 
panded in a series of powers of which will always 
converge absolutely so long as | f | (the modulus of 
does not exceed the least of the quantities 






1 


1 

1 — a 

> 

l + a 

> 

k-^ 

7 



(See Chrystal, Ahjehra, ch. xxvii., §11). 

By integrating every tenn on the right we get 
another absolutely convergent series since the term 
in ^ is multiplied by ^/(r-1-1), a constant (complex) 
multiple of a quantity that decreases as r increases. 

Hence the value of u is given as the sum of an 
absolutely convergent series. 

Therefore (see Chrystal, ch. xxx., § 18) ^ can be 
expanded in a convergent series of powers of u— a 
D. R. F. c 
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within limits which are not infinitely narrow, and 
within those limits ^ is defined as a continuous uniform 
function of u (Ch^stal, ch. xxvi., §§ 18, 19). This 
applies to every finite value of a but ±1, ± 1/i. 

If a has any of these values we may put a; = a 
and deduce the same conclusion. 

Lastly, in order to consider very g^eat values of x 
we put = and find that Ijx is in that region a 
continuous uniform function of u. 

Hence in all the plane there is no point where any 
branching-off* of two or more values of x takes place, 
and therefore a; is a uniform function of ii. 

The uniformity of cn u and dn u can be proved in 
the same way. 


EXAMPLES ON CHAPTEE III. 

1. Verify from the formulae of this chapter that 

di 

cn®(Ui + ttj) + + «2) = 1, 

dn®('M.i + %) + + 1<'2) = ^ • 

2. Find the sn, cn, dn of in terms of 

those of Uj, W 2 > %> show that the results are 
symmetrical. 

3. If tti+w.2+Wg=0, show that 

^^2^ “ = A; 

dyp^i-c^d^ = kfh^s, 

S2Ci + S8<^1 + «1<’2<^S = 0. 

d" ^^2*8 ~ ®2®8* 
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4 If 1^1+162 + ^^3+tt4 = 0 , show that 

+ h^hfh^s.^ 8 ^ 8 ^ = h''^. 


®i ^*1 d^ 1 

6*3 C3 d,, 1 

«4 ^4 t^4 1 



(®1^2 ®2^l)(^^3 ^^ 4 ) “I” (^3^4 'VaX^l d.^-—0^ 

{ c ^ d ^ - ~ ^ 4 ) + - ^ 4 ^* 3)(®1 - ^ 2 ) = 

(®1^2 ^2^^l)(^'3 ^4) “1“ (^3^^4 ^4^^3X^'l *” ^2) ~ 


(These relations may he put in many more fonns by 
such substitutions as u^ + K, u,,, u.^^K, for tfcj, Ug* 
2^3, u^,) 

5 . If U1+U2+ 163 = 0, then 


Ci^ii 

c^d^ 

c^d^ 


= 0. 


6. If 8 {u) be written for sn u clc u and S'(u) for its 
differential coefficient then 


S(Ui+u^)- ~Si&V-W' 

7 . Verify the formulae of § 39 . 

8. Prove the following : — 

cn(?i — a) — cn(i6 + a) 

sn 'll sn a = ^7 ^ ^ — \ 

dn('a — Cl) + dn('ii + ti) 

— ^ dn(' ii — a) — dn(it + f i) 

““0 cn(ii — ci)+cn(ii+ct)’ 


cn u cn a 


cd(ii — Cl) + cd(ti 4- a) 
nd('ii — a) + nd(u + a) 


/c'2 n d(ii — a) — nd(?>i + ci) 
0 cd(ii^ a) — cd(it + ay 
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(In u (In a = 


dc(u — a) + dc(u + a) 
nc(u — a) + nc(u + ci) 


^^,2 nc(u— a)--nc(u + a) 

* dc(u — a) — dc(u + a)* 


sd 


__ Hn( u+ a)+ sn(u — a) 
dn( Vj+a)+ dn(t6 — a) 


I dn (u — a) — dn( t6 + a) 
F* Hn(u+a)— sn(?& — ay 


Hc n dn a 


sn( n + a) +^n(t 6 — a) 
cn('26 + a) + cn(t 6 — a) 

cn(t6 — g) — cn(t6 + a) 
Hn{u + a) — Hn(t6 — a)’ 


sn u cd a 


8d(u + g) + sd(te — a) 
n(l(u + g) + nd('U — a) 


^ + g) — n d(u — g) 

F .sd(t* + a) — sd(u — g)’ 


sn n dc a 


Hc(u + g) + sc(u — g) 
nc(u + g) + nc(u — g) 


nc(u + g) — nc( u— g) 
sc(u + g)— sc(u— g)' 


dnti-ndg= 


dH(g + g) + ds(u — g) 
ns(t6 + g) + ns(u — a) 


ns( g + g) — ns(t^ — g) 
ds(u + g) — ds(u — a)’ 


sn u ns a 


ds(u — g) + ds ( g + g) 
cs(w— g)— cs(u+a) 


cB(u—a)+ (?s(u+ft) 
ds(u — g) — ds(u + g)* 
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sc u nd a 


cn u ds a 


Gnu lit a 


8d(tt + a) + sd(7t — a) 
cd(?>t + a) + cd(7/y — a) 

] cd(it + tt) — C(l( — (f ) 

k'^ 8d(tt + a) — sd(7t — a)’ 

dc(u + + d c(u — a) 

Hc(u + a) — sc(i6 — tt) 

^'2 sc(u + (Q + sc(l6 — a) 

‘ dc(t6 + a) — dc(u — ay 

n»(u — a) — ns(i6 + a) 
cs( a-^-a)^ cs(u + a) 

cs(i(. — a) + ch (u + a) 
m(u — a) + ns(u + a)' 



CHAPTER IV. 


MULTIPLICATION AND DIVISION OF THE 
ARGUMENT. 


§46. By putting in the addition-formulae 

we easily find the values of sn2u, cn2u, dn2u in 
terms of sn u, cn u, dn u. Writing 8, 0, D, 8, o, d for 
these quantities respectively, we have 

8 = 2sc(Z/(l — 

(7 = (C® — 8®<Z®)/(1 — i!V) = (l — 28^ + k^8*)/(l — k^8*), 

D=(d*-ifc*s*c2)/(l - A*8*)=(1 - 2F«HA:V)/(1 -^V). 


§46. Moreover, these equations can be solved for 
8, c, d if 8, G, D are supposed known. 

We have D-0= 2W/(1 - W), 

m)l{l - ^V), 

Z>-^•*C'■fA:'2= 2*^/(l -P«0. 

I)-h^C-l^= 2 VW/d - Ps*). 

mu ^_D-l^G-1(f^_ D-0 

inus 8*- ~D-i(^C+k'^ 

= subtraction. 


1-D 

~/<?ii+cy 


by subtracting again. 
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Hence we find the following formulae for Jit : 
1 /I — cn 1 /I — dn it\* 

_ (1 — cn it)^(l — dn u)^ 
kfmu ’ 

1 — /^dn it+cnu ^^ _ k'f 1— dnu ^ 
cn^u — y J “~^\(lnit— cnw 

— (^""dn it) ^(dn 16 + cn it)^ 

~ Aj sn 16 " 

dn i„= 1 -oo 

^ \ l4-cn«6 / \dnw — cnit/ 

— u + c n 16)^(1 — cn 16)^ 


snii 


§ 47. In particular 

cniJ:=ifc^(l+A/)-^ 
dniK=J(f^, 
sa ^tK'=ik~^, 

being purely imaginary and of the waine sign as its 
argument ; 

ca^iK'=k-\l+k)^, 
being a positive quantity ; 

dnitZ'=(l+A:)^ 

being also positive. 

Those three may also be deduced from the others 
by using the complementary modulus. 
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Also 

m^(K+iK'): 


" 2 ' ■ ■’ 


cn KAr+tA')=^2 

dn l(K+cK')=^-~^}i^{(l +kf+i(l -k)^\. 

These three are most conveniently found from the 
former six by the addition-formulae. 


MULTIPLICATION OF THE ARGUMENT BY ANY 
INTEGI^. 

§ 48. By repeated use of the addition-formulae we 
can find the elliptic functions of 3u, 4<>6, in terms 
of those of u. 

We may prove the following facts about the form- 
ulae for sn nu, cn nu, dn nu : — 

Firstly, when n is odd, 

sn nu= sni6 X a rational fractional function of sn%, 
cn Tiu = cn u X a rational fractional function of sn^w,, 
dn7iu = dni6Xa rational fractional function of sn^i/. 

In each case the denominator is the same function, 
and is of the degree 1 in sntt; the numerators 
are different, but are of the same degree, — 1. 

Secondly, when n is even, 

sn Tiu = sn u cn tfc dn X a rational fractional function 

of sn^a, 

cn -nu = a rational fractional function of sn^tc, 
dntii6 = a rational fractional function of sn^w. 
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In each case the denominator is the same, and its 
degree is in snu; this is also the degree of the 
numerators of cunv. and the numerator of 

sn u cn w dn w is of the degree 4. 

Clearly we may say a rational function of cnV or 
dn^a instead of sn^u without altering the meaning 
or the degree to be assigned. 

§ 49. These statements are evidently true when 
n = l or 2. Suppose them to be true for the values 
m and m+1 of n] one of these values will be even, 
and the other odd. 

Write Sp, Op, Dp, Np for the three numerators and 
denominators of snjjm, cn^>u, dnj^>u respectively, and 
8, c, d for sn w, cn u, dn u. Then 

= 8cd X a rational integral even function of 8 of 
degree 4^1^ — 4, 

= a rational integral even function of s of 
degree 4tm^, 

= a rational integral even function of s of 
degree 4m‘^, 

= a rational integral even function of s of 
degree 

Also 

^2m4-l ~ + 1-® iw + 1 “h + 1*^ m + 

= a rational integral odd function of 8 of degree 
2m‘-* + 2 ( 9 ?/ + 1 — 1, that is, {2m + 1 ; 

C2m4*l ~ »n4 1 + 1 

= a similar function of c; 
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m^ni + 1-^ »i + 1 "" + iCm + 1 

= a similar function of d ; 

= a rational integral even function of. « of 
degree (2171. + 1 — 1. 

Hence, if the theorems hold for the values m, m+ 1 , 
they hold also for 2m and 2m +1. Now they hold 
for 1 and 2, and therefore for 2 and 3, 4 and 5, and 
universally. 

§ 60 . Also these expressions will be in their lowest 
terms. Consider for instance a rational integral 
function of c of degree w?. This must vanish when- 
ever cn mu =5 0, that is, whenever 

mu = jSl -+- ipK + 2qiK\ 

p and q being any integers. 

Hence the roots of 0,^=0 as an equation for c are 

the values of cn — ^ ji . This expression has 
m ^ 

rn? different values found by making 

p = 0, l,..m— 1, 

and g = 0, ±1 ... ± 1) or 

in turn. Thus the degree of the numerator of cn mu 
cannot possibly be lower than m^ and the expression 
we have found for cn mu is in its lowest terms. 

Also as (7^+ 

and Om, have no common factor, Sm and Dm can 
have no factor in common with either. 

§ 61 . We may notice that when Nm is expressed in 
terms of s, the coefficient of 8^ in it vanishes. 
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For 

Now 8 is a factor in and S^+iy so that if the term 
in is wanting in and i^m+i it will be wanting in 
N 2 m and JV' 2 m 4 -i. 

Now iVi = l, JVg — l—AV, from which by induction 
the theorem follows. 

By changing u into u+iK' we find that the co- 
efficient of 8 ^"^ -2 vanishes in when m is odd and in 
when 7)fi is even. 

DIVISION OF THE ARGUMENT BY ANY INTEGER. 

§ 62. If we know the value of sn u, the multiplica- 
tion-formula gives us an equation to find muju. 

When n is odd, 

sn ~ is the root of an equation of the degree 
whoso coefficients are rational in sn u. 
W^hen 71 is even, 

V/ • 

sn^^ is the root of a similar equation. 

We may show that the solution of these equations 
depends only on that of equations of the -w^th degree* 

§ 63. Take the case when 7i is odd. 

Since snlt = sn(u^-4j^.K'-|-2g'ti^'), it follows that 

sn-(u+4!pK+2qiK') is also a root, and as this ex- 
pression has 71^ values it includes all the roots. Call 
it \(p, q). 

Then clearly any symmetrical function of X(|?, 0), 
\(p, 1), , X{p, -w — 1) will be unchanged by adding 
any multiple of 2iK' to u. Such a function then will 
have only ti values, given by putting jp = 0, 1, . . . , w— 1 
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ill turn. It will therefore be a root of an equation of 
the 7ith degree only. 

ThuH \(]), q) is the rcKit of an etjuation of tlic nth 
degree whose coefficients are also given by e( [nations 
of the 7?th degree, rational in sn u. 

The same form of argnmeiit holds in the case when 
'll is even, and also in the case when ciiii or dll'll is 
the function given and we have to find the su, cn, or 
dn of v-/n. 


EXAMPLES ON C^HAPTEPt IV. 

1. Find the values of the sn, cii, and dn of 
i(mK+niK') for all integral values of m and ?/. 

2. Prove that sn IK is a root of th(‘ e([uation 

What are the otlier roots, and which is the real one? 

Ans. sn( J/v"± sn(8/v + Tlu‘ last is real. 

»S. Witli the notation of tins chapter, show that 
± cxpi'essed in terms of c, has 1 ±c for a 

factor, the other factor being a jierfect s(|uare. 

4. Show that has 1— for a factor, and 

that the other factor of it is a perfect square, as is 
also i^2rn+C^2;;i. 

5. Prove that when expressed in terms of d, 
iV'ojji+i ±i) 2 m+i has 1 ±d for a factor, the other factor 
being a perfect square, that — has l—iP for a 
factor, and tliat the other factor, as also + i^ 
a perfect square. 

6. Show tliat N^ita ± can be expressed as a perfect 

square, as can also tin; (juotient of i-i by 

] +(-])»"«. 

7. Prove similar facts with regard to 

k i ^my 
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S. Prove that 

(cN 1 — (7,rt 4- 1)(^ jft - 1 — Gyi _ i), 

|-Ah4 

are independent of the argument u. 

0. If /u, »' are any two roots of unity, show that 
tlie. 7#t]i ])OWer of 

is a rational function of sn u and cn u dn u. 

Hence show that the value of sn ii/’ti may be 
found by the t‘xtraction of ?ith roots, if sn 2Kjn and 
sn 2iK'ln are supposed known. 

10. Use the last example to find expressions for 
sniu, sn -Ju. 


11. When n is odd, prove that 

It - 1 n - 1 


( ^4^-h2pLK'\ 
n sn nu = ^ ^ U«. + j 

j/=0 fi-O ^ v> / 

and that nWnu='^ 

t^o fxT{) ^ 71 / 


1 2. When ?? is even, prove that 

. . ^2fjLK+2piK'\ 

7ih\H^nu - y] y] ns"( </ 4- -- j- 


v = 0 fJL-O 



CIIAITER W 


INTEGliATIOX. 


§ 54. We must now exainino liow lav it is possible^ 
to integrate, with resp(*ct tf) any rational algebraic 
function of sn u, en a, <ln a, or, as wo shall writo 
them, s, c, cL 


In the first place, suppose the function to be 

<p and ^ being rational integral algebraic functions. 

We may make the denomin/itoi- I'ational in s l)y 
multiplying it an<l the numerator by 


yfr(s, — c, r7b/r(8, c, — — c, — f7), 


and ])y lueaiis of the relations 
c‘-’ = 1-82, 


by means of th(* saim* relations we may reduce the 
numerator to th(‘ form 


Xl< «) + CX 2 («) + fh3< s) + C(/X4(s) . 

the (loiioniiiiator btsiiif; X> Xi> X-z^ X»’ Xi’ 

rational integral algebraic functions. 


§ 55. Now 
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which can be iiite^ratiMl by the ordinary rules for 
rational fractions : 



and this can Ik* r(*duco<l t<^ the integral of a rational 
ruiiction by the sii1)stituti()n 





which ^-ives 





Also -/, vri/.y. 

which can b(‘ reduced by putting* 



The problem is thus reduci'd to the int(‘f]^ration 


§ 56. Tin* first step will naturally l>o the expn*ssion 
of ^ series of partial fractions. 

Wlu‘n this has beiai done the expressions to be 
integrated will fall under one of the two forms 

a bein^ any constant, real or imaginary. We will 
considei' tliese in turn. 

Let If = v.,„. N ow 

= (m — 3)s*" ” — 8’" “ hP — /‘V** " 

= (m — 1 )/;V" — (m — 2)(1 + - 2 ^ - 4 ^ 
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and therefore, integratinf^, we have 

= (VI — 1 )Z-2r„, - (v) — :2)( 1 + /.-)/•,„ o + ( j>i — 3)r„i_ 4 


where G is a constant. 

Tims when m > Vjn can he expr(‘sse<l ])y means of 
v,a -2 and r,rt_ 4 ; and in tin* case wlu'ii = ?v> ^an he 

expressed ))y means of 

Tims when ni is odd ih(‘ intt‘gratioii ol* r,„ dej)(‘nds 
only on that of an<l when 'hi is even on that of f\, 
and y\,. 

§ 57. Now i\= Jsn n die 

= 2jsn 2,rdj\ putting 2./ ==u, 
f4 sn .r cn .v dn ,r , 

= J—r-tw''-' 


1 


loy 


1 + Icz 
1 — h'Z 


_1, l+Zsn^Ju 


Thus the integral of an odd jx^wer of sn xi can alwaj's 
be expressexl by means of the funeti< 7 ns sn, cn, dn, log. 

§ 58. Again, = Jd/o. = u, 

du. 

It is not possible to express by means of known 
functions, and a new symbol has to be introduced. 
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Tin; Jetier K is geiiemlly used, and the detinitioii of 
its meaning is 

A’n=j' thriidu, 

0 

so that i \2 = {xi — En)ll^^. 

The value of En when u = K is generally denoted 
by E siin])ly, so that 

cK 

E=\ 

0 

TIr* Gi'eek lettei* Z was us(mI by Jacobi for a slightly 
(littereiit function, detine<l as follows: — 

Za = Aa-nA7A" 

Thus Z/i=0. 

One advantage in the use of this notation is that 
there is not the same risk of confusing the product 
Ea with the function Eu. 

§69. W e now turn to J(.s — which we shall 
call w>,n. Put s — a = i. 

dvr 

= ( - m + 1 )(.S* - a) ' - (.S' - a) " M d^ + 

+ ( — 07/. + 1 + a ~ + a){ 1 + — 2/»:“(^ + a)“}] 

= -( 7 / 1 - 1)(1 

+ (2o//. - 8){ 1 + - 2/tV-}ae - 

-h(m - 2){ I 
-(2//1-5) . 2/Ax . 

Integrating, we find that w^a can be expressed by 
means of kiR)wn functions, and 

D. £. F. 1) 
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provided always tliai (m — 1)( I — (r)( 1 — /Ar) 
(loos not vanish. 

If (r=l or 1//-, tlu^n can })o oxprosscMl in 

terms of f<^>i‘ 2?)? —o does jiot vanish. 

Hence for these special values of a the inti^^ral can 
be reduced to is to r^, r,, e.,, and no 

new function need b<‘ introdncHsI, 

But in general thi* reduction can only bt^ carrie*! on 
as far as since when = 1 tlu* coetKcient of '//•„, in 
the formula of redu(*ti<ni vanisli(‘s. \V(‘ must introduce 
a new fuii(*tion to exjwess and ?e.„ n\, ... can lx* 
expressed by means of this an<l known functions. 


S60. Now though — a)‘VZa and |(.s + a)"h/a 
cannot bo found in terms of known functions, their 


sum can. 

For bv the additioii-theonuii 


sn( V + a) + sn( a — (( ) = 


2sn ?^cn a dn a 
l—IrmhtHira ’ 


Now each of the terms on th(‘ lel’t can lx* integrahsl 


since we have found Jsii^((Z«. H(*n(*(* if <( lx* so chos(*n 
that /i;sna = l/a, we liave an exjumsion for 

or — a)‘h/a+|('S‘ + c()"h/u. 

The new function that is intiTxluced is tlieiefoi'e 
oiily needed to express 

|(.s — a) ■" h/a — 1( « + a) “ hlu, 

and the one actually chosen is 

f Hsn a cna dna sn% 


1 — /i;‘^sn% sn^a 


(III, 
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Tins is <l(aiotc.‘(l by II(a, a)y and u is called the aiya^ 
'hientj a tlie jKirameter, 

It has been sliown tlani that any rational function 
of sn u, cn a, dii'^f can lie int(‘^rated by help of the 
new functions E and IL Tht^ propertie.s of these will 
be considered in the next chapter. 


EXAMPLES ON CHAPITER V. 


du — //. 


]. Prove that /‘^j* sn-^t^/ 2 /=J ns%(/'i6 — //. 

A' K 

2 "iT 

2 . Prove that “+//*«.- A-a. 

y n f dll f dll f dt( f dil 

Jl +/»’sn id J//+du a’ Jl+cn u-’ Jl— diiu 

. 1 ,, /.* cn « <lii ?/ 1 jy 1/(1 sn u ciw/ 

Jl'IlS. j "j- M t il' ' ' 7 0 I'fi i~ i" 1 ~ \* 

A: - A’ - 1 + A' sn ii A'-A' A- A* (A* + dn ti ) 

sn n dll n , „ 1 . . sn a cn //. 

l+cu-,. 


4. Show that 


' sn a cna diuf (fti 
sii-a — sn-a 


^ ^ “ ^sn^(6 — tc) 


5. Prove that 


Jns u dll = log sn A w. — log cn hi — log dn | u, 
Jcs iidu = log sn Jit + logcn — logdn Am, 
Jds u du = log sn Au — log cn A m + log dn J ii. 
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(). Verify the formulae 


f'' sii a oil n <hi a {\\\'n tin 

J eii-a — Hii-u 

0 

p /rsn i( eii a <lii a eira dti 

J < lira — / ■•W-a cir a 


= 1 a)+ A lo^ 


(*ii(/t< — a) 
eii(a + (t)’ 


= ll(a,( 0 +^ 1 (>^ 


<ln( a — a) 
<ln( ic + a) 


7. Prove tliat 


/m, l// ) = ll(a, a, /. ), 

1/ Tf II a) siuMlnct 

n(fa, ((/,/.') a) + A lo^z- ^ ^ - 


tlie modulus on tlie ri^lit Inmi;;* // throu^liout. 



(11 AFTER VI. 

ADDITION OF ARGUMENTS FOR THE 
FUNCTIONS E, 11. 

§61. Expre.ssioiis can Re found for 

+ it) in tiTins of functions of and v„. 

As in the former cas(% suppose = a constant. 

Take tlie function + 

— n{ Sj "* ■“ ^2“ ) 

= - /.--.sin U■^ + U.,Xfi^cJ:, — 

Thus is constant, an<l puttinj; 

n^ = h, ■«2=0, wo find its value to be Eh. 

Hence 

It follows that 

Ztt, +ZH 2 — Z( «i +• Mj) = /.•%! i/jsn i(2sn(?(.j + 7 (^).. 

§ 62. Ihittinjf u. 2 =K we have 

E(u + K) — Eu =E — /.%! u sn(tt + K) 

= K—l^mnQA ft. 
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Ei^v + 2/i ) — AX ?? + yr) = A— //-sn( // + E )sn( v + ) 

= ys + /An a C(1 xl 

A(u + 2A")-AV = 2A\ 

Hcnco E(xi + 2 )i^E) — A'u = 2 inE. 

7j( a + 2tn E)== Yjh. 


^63. Let us apply Ja.eo])i s liiia^iiiaiy Trausloi-i na- 
tion (,^ 21) to Eu. 

We liave 







Now 


iJ 

<lii 


sn u (111 ii 
cn a 


= clir-a—/.*-sn-a + 
= <.le-a— //-sii-a. 


Sira (lira 
cn-a 


ITenei* 


E{tn, //) = ! 


SI) XI (In a 
eii a 


+ ixi — iEa, 


tlu* modulus when not expressed hein^^ /* : no eonstant 
is add(‘d for liotli sid(‘s vanish witli a. 

Thus as cny\^ = 0, E(iE, I/) and th(*n‘for(* also 
E(iE\ k) are iniinite. Jj(‘t us find tin* vahu* of 
E(E-{-iE\ /•). 


Tluis 


E(E+v) = Ea -f E — /»*“sn ?( sn(a -|- /T) 
= Eu +E’— /.“sn a cd xi. 


iE(E+xi)+E(ixi, l/) = i(u + E)+t Hna(dc'a—/A*d a) 


= i(u+E)-\‘‘ 


(/r'-sn XI 
cn u dll XV 


Put now lE' for u, and write 

E for E(K\ A)- 

Then c E{E+ 1 E') - A' = r A- E\ 

E(E+i E') = A+ 1( A' - A'). 
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§ 64. Siiic(". 

ii'l K + ^^. ) = Eu + ^ — /.*^sn u m{u + K) 

we havt‘, 

E{K+mK)r=.E{mK) + E^E{mK-K)+2E=^,,,. 
Thus E{mK) — ^')iE if m is any whole iiuiiiber. Also 
n + 2mK ) - Eti = E{ 2rnK) = 2rn E, 

In the same* way 

Ein(K + iK') = iilE{K + iK') = mE + im{K' — E'). 

E{ u + 'hn K 2 nn K' ) — Eu = 2mE + 2in i ( K' — E ' ). 

11ms 

E{ (t + 2inK+2nt K' ) = Eu + 2mE+ 2nt(K' — jE"). 

Tliis e((iiation shows that the etiect on the function 
Eu of a<l(liii^- any multiple (»f 2K or 2iK' to its argu- 
mtiiit is to add the same multiple of 2E or 7^') 

to the function. 


§ 65. The (juantities J\, K\ E, E' are connected l>y 
an important e<iuati()n which we shall now prove. 
Cleai*ly 

K{E(K+tK')-E] duyiv, 

0 K 


K'.E=\ n 


Thus 


(I K 
'A' nK -{-fK' 


n Ai-lA' 

(i]uhi-dnh^)chtdv. 


0 A' 


The ri^ht-hand side may he transformed by putting 
sn tt sn dn u dn v = y. 
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We have 

?/)_ cnuduuHnr, — Z -sii ?( cn 7 ( dn r | 
c^tiyV) cii V (lu r sill/, —/An r cnr I 

= — /i‘“cn ff cn e(sn-/' (111-// — dn-r) 

= cn V cn 'c{dn- e — dn-// ). 

The siibiect of intetrration is tlien - 

^ cn u cn ?• 

Now /An-// cn-?' — //- = /•-/'-./•- — / '-, 

so that tlio transfornuMl int(‘^ral is 

ff 

JJ(y2 + /,2/,'i,.2_/,'2)i' 

As to the limits, sn?.? takes all real values from 
0 to 1, and sn /?< all real valu<*s from I to !//•. 

Thus, if ,r has an assi^ne<l value >1, sn a and sn?’ 
are nearest wlnai 

sn ?/=.?*, sn/'=], 

and furthest apart when 

sn u = 1 sn r = /»■;(*. 

The value of y will therefore ran^(» from 

k!{\ to 0. 

For 2^2 ^ /;4 ;.2 _ 2 / A; — /•2(sn n — sn ??)-, 

which is least when mtt and sn?? are furthest a])art, 
and ^catcst when they are nearest. 

Also, if X ])as an assigned value < 1 , sn ?/ and sn r 
arc nearest when 

snt6=l, sn ?;=(?;, 

and furthest apart when 

sn u = l Ik, sn v = kx. 
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The value of // will therefore ran^e from 

to 0 still. 


The iiiteyi’al is tht‘n‘for(‘ 

rrr^'(‘ I’Jt/thr . 

•' ,, that IS. 


FT 


ITT 

2 * 


Any (louht there may be as to tlu* si^i of this result 
is removed by the eonsideraiion that in the* original 
double intep*al 

dn /•>//>< In a, 


so that the subject of intej^ration is always ne^^ativ(‘, 
while (III is positive and (Jr has the si^n 

Hence K . E{K + iK')’-{K+{K')E^ —hw, 

Sulhstitutin^^ the value that was found above for 
E{ K + ( I\'), we have 

EK'+EK--KK'=l^. 


§ 66 . The followine* result will be useful after- 
wards : — 

du = i(A'A’-Io{r/'). 

0 

We may prove it thus 

pA’H (/it= j*A’(A’-f(V.w= -{-E{K-u)}dn 

0 i) 0 

= j| {E+Ji-Hii a sn K sn(7i — ii)}(lu 


dn u 


(J>U 


= i KE^ I log dn K = J(7\"7^ — log />:'). 
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ADDITION OF ARGUMENTS FOR TDE FUNCTION 11. 
5} 67. Again if a j + = 5, 

(0 + n(«o, a)} 

a cn a dn / -sii a cn a (In as./ 

1 ~ 1 —/‘“.svsn-ft 

__ //“Hii a cn a dii a(s/ — .sV^) 

” ( 1 - K 1 ~ ( V 

Now wo liavo se(^n that 

What we have to do is tliorofoiv to (^xprtjss + 
in terms of SjS,^ and b. Now 

(l-^/Z's/s^^/cn h dn ?> 

(1 

So tliat 

(1 ^kW^y^{{l + li?s/s/)Hr\V)’-^ 28 ^ 8 ^ 0 X 1 b dn b} 

= (l+k^8/8/){8/c/d/^s./(\H/H28/82%kro/c^^ 
wliich reduces to {l—l'^8/8/)%8/+s/). 

Hence s/ + s/ = ( 1 + ^;“ 82 ^ 82 ^)sn‘^/> — 28282 cn b dn b, and 

^/^^{II(a„a)+IIK,a)} 

g cn g dn a sn b 

^ "" 1 -fc^sn 2 a { ( 1 +kh/8/)Hn % - 28282011 6 dn b } +li^8/8/Hn*a 
d 
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Tlie deiioijiiiiator 

= (1 — sn26)+ cn h cln h 

+ «n^6) 

= ( 1 — Hi\%){ 1 4 - a Rn(a + h ) } 

{ 1 + a Hii{a — 6)}. 

Tlie numerator 

= 1(1 — Z’^si A( sn-6)/An a{ Rn(a + ?>) — — 6)}. 

Hence 


a) + 11(^2, a)} 

^ 1 /'^sn a m(a+h) d , ^ . 

2 1 +k\s,j^n a sn(r( + 6) dv^ ^ 

1 Z*%n a Rn(a — ?>) ( s) 

2 1 + /t:’-^^r^«2^sn a sn(a — h) d%ii 

_ 1 d , ^ 1 + sn(a + h) 

2 du^ +k\s.2m a sn(a — h)' 

Integrating then, wc have 

Il{u^+U2> (t) — 11(^1, a)— 11(^2, a) 


__ , 1 -f Z^-sn ttgsn a Hn{u-^ 

“ ^ ^ 1 — Z’‘^Hn Ujsn 'U' 2 ^n a sn( 


1+^2 + ^) 
1+^2 •“«')* 


^ 68 . There is another interesting property of the 
function El which wc shall now prove. It conni'cts 
n(^^, a) witl) IT(a, u), the same function 'vyith argu- 
ment ami parameter interchanged. We have 

_ rZ _ . . 2k^m a cn a dn a sn^a 

2^,^n(u. a)= ~ 

= k^n a sn u{8n(a + a) -h Rn(u — a)}. 
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Thus 


2 


?2 

c^iida 


n( «(, a) 


— u { sii ( it + ff)cu a dn (t + sn« + (f )dii( tt-^d) 

+ Hsir?( J sii( // -(t)ciia cfn( v - (t) 

But bj’' the additi()n-tlK‘()reiii 


sii u = 


sir( — sn-rf 

sii(z6 + a)cii (( (In (/+SII a c‘n(w -f- r/ )dn( ((+(/) 


__ sn“( It — (() — sn -r f 

sn( (/> — (/ )cn a dn (/ — sn <f c*n('?( —<t )dn( a — r/ )’ 
for u = (ti+a) — a = (^i—(i)+(t. 

Hence 


a) = /An-(i( +a ) + /.-sir( a - a)— 2/’“sn-(( 

= 2 dn-(e — dn“( a — (0 — dn“( a + a ). 

In the same way 

'a) = - (hi%--dn“((( dn“(a 4 -?/), 
so that [II(^, a)--Il(a, n)| =dn^(X — diA(, 


0 

g'^{n(u, rt)— n(tt, u)\=u([i\^a — Ea, 

for n(0, a) — n(«, 0) = 0. 

Finally tlien II(tt, a) — II(a, w) = u.Ea—a. Ev. 
This may also he written uyj(t — aZu. 


EXAMPLES ON (.'HAPTEE VI. 

1 . Prove that E{u +K)— Eu =E+-^^^ lo}{ dn u. 



EXAMPLES. Vr. 


()J 


I^rovi‘ tliat 

K( n K' ) — lift = E( K + 1 K ' ) + 1 cn ti. 

8. IVove that 

E{ i( + , A") - Eu = E{K+ , K') -E+ lofj sii 

4. Prove that \/k) = E{tiy k)--k'‘^u, 

5. IVove that 

kE{ikii, Lk';k) = ia’-iE{Li, k) + (l/-m(ii, k)cA(u, k). 

(I. Kind the vaJii(‘s of E\K. EhK\ El{K+iK'). 

Aifs, liE+\^k'l U(K'-^E'+l + k), 
},(E+,K'--LE'+k+iJ/). 

7. Sliow that 

ll(K,a) = KZi(. 

J I( 7i + < A , c/ ) = (A + 1 1il')Zu 4“ t TTLij 2Ji. 

8. Prove the foriiiula 

2ll(a, a) = 2aA(f— J Evdv, 

9. Verify that 

211 (a, 17i )= a(l — //) + lo^dii(/( + ill )— i log//. 

10. Ih-ove that the limit when a is indelinitely 
(liiiiinished of a)-^ii is u — Eu. 

11. Show that Eiiu--nMu is equal to a rational 
fractional function of sii a multiplier! by cn adii a. 

By partial fractions or otherwise show that 

nE'] i a — li^Eib = log N „ , 

wliere N,i denotes the common denominator in the 
expressions for sn 7^a, cnmVj dn?ia. 
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12. Ill tho same way pi-ovc the fonuula (it being odd) 

2 2 .b(»+ 

fJL=zO P^Q ^ " ' 

= — nii{n — 1 )( ( 7l' — lE), 

13. Prove tlie fbrnmla for addition of parameters in 
the function II, nainelj", 

II('W, a + />) — a)— 1I(^/, h) 

— i iQ(y ^ ^ + h) 

^ ^ 1 + A’*“Sn a sn b sn u sn(it — a — b) 

— /l-u sn a sn /> sn(a + i). 


14. Find the value of - 1I('/^, <i) and prove tliat 

o(t 

p2tt 

n(tt, u) = iiEn — J I Ercl v. 

0 

15. Prove, by putting u + t’ = 2r, ?6 — 1 ; = 2/, and 
integrating, tliat 

U(u, a) + II( /;, a) — n(it4-?», a) 

— A 1 r i ^ /«’*^sii^(r — a)sii‘*^^ } { 1 “ /‘^'^«n*-( r + a)Huh* } 

^ { 1 — /c‘^sn^(?’ + a)sn-^ } { 1 — lc^m\r — a)mh' [ * 



CHAPTER VII. 

WEIEESTRASS’ NOTATION. 

^ 69. F< )r some purposes it is conv(^iueiit to use the 
notation of Weien'strass, wliieli we sliall now exj)lain 
shortly. 

We write for rrns-at^ + /5, wh(‘re a is any con- 
stant and ft is a constant which we sliall determine. 
Differentiatinj^, we have 

p'n = — 2 a‘his au cs cat ds cm. 

Also cs^aa = ns^ttii — 1 , 

ds-au = ns^aa — kr. 

Thus — ftX^m — ^ "" a^k^)- 

Now choose ft so that the coefficient of 5 ^% on the 
riffht may vanish. Then 

ft= — JaXl+/c*^), 

and tt - g.^, 

where 

i/o = — 4/5(/3 -f a‘0 — 4/3(/3 + arl^) - 4(^ + ar)(ft + 

1 / 3 = 4^(^ + a 2 )(j 8 +o*/c®). 

The equation 
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with the particular ccjuatioii 

//*VW') = 1 

constitutes the detinition of Weierstrass’ function pa. 
§ 70. Conversely, if pa=.r, 

n = | {4>x^-g^--(i.^)-klx. 

.C 

The pericxls of the function pu, are 2Kia, ’ZiK'jit. 
They ai-e denotetl liy 2m, 2®' rcKpcctively, anti their 
sum by 2to". We then liave 

poj =i8+a'^ =<’j, say, 

= = say, 

=Cj,, say: 

and Cj, Cj, e, are the i‘(X)ts of the ecjuation 
4ie»-//^r-</.^ = 0 
in descending order of mjignitude. 

Thus m = = i/m" = 0. 

§ 71. Wo may write p(u, (/g, j/j) for pu when we 
wish to specify the (juantities 

Thus if we put fia for a in the original definitions 
pu is changed into fyfiu, and g,^, g^ are changed into 
ti.% and yaVs- 

Hence f{u, g^, g.,,)=n^fp(fi.u, 

In particular 

«>(<«■. f/2. <J3)= <Ji, -1/s)- 
Also by a second dificrentiation we have 
2p'up"tt = \2^u^'u-g^'u, 



WEIERSTIIASS’ NOTATION. 


or> 


§ 72. I’lu' iulditioij-formula for pM- is easily fouud 
fi'oin tlie fonimla 


sn(fj + (-2) = 


iis-(ri+ r^) = 




VSl‘V 




Hiis, translated into Weierstrass’ notation, as cx- 
])lained in Of), ^ives, if we take = 'i\^=a't\ and 

remenibor that 1 +1^= - 

the formula soujjht. 


Af^aiii, 


? fp'u-^'r^ 

dit pa — pc (jjn — pcV- pa— pc 


^ _ 1 / p'a-p<Y 1 ^'h(-p'-r (ip'hf-J.r/^ 
2\ptt-pc/ 2(pa-pc)® ptt-py ‘ 

Now p'-a - p'=*e' = 4(p8a - p^c) - (/jj(pa - pc), 

> that = 2(2pa + pv) — **' ^ , 

dw PU—&V ' ° ^ 2\&u — &v/ 


pu-pv 

p(u+v)=pu- 


" ' 2\ptt— pV/ 

1 'd — p''V 

2 du pu^pv' 
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§ 73. Instead of the function E or Z, Weieretrass 
uses fii, defined by the equation 

0 

Difterentiating, we find 

f ‘ 16 = --ptL 

The teiiii ^ is put outside tlie sign of integration 

because ^66 is infinite at the lower limit, but 
is finite. 

The value of f(t6+r) is found as follows: — 

^\u + v) - f 

2 ??6 pi6 — pr ‘ 

Hence 

where C is a quantity independent of u. 

Also — “ =0, when 'a = (): and for the same value 
^ u 

of t6, P 'W.+^jj = 0, and — hnite. 


2 pu — ii 


is zero when 66 = 0 and 


Hence ^(u+v)-^u-^v=l 

The definition of f shows that since p is an even 
function, f is an odd function. Thus 


u+v+iv=0. 


and if 
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1 C C d 1 — 

we have ^v, + tv + t'w= — 

^ ^ ^ 2 pit —pv 

^ 1 p'r-^-pw^ 1 p'w — p'n 
”” 2 pv ^pw ~2 pw —pii 

The theory of these functions w'ill be found de- 
veloped in Halplien’s Traiie des Fond unis Elliptiques 
d de leurs AjpUcations (Gautliier-Villars). 

EXAMP1.E8 ON CPIAPTKP VII. 

1. Pi’ove that 

] p{ It + ay) - pay] \ p H-pay\=( pay - pay')(pay - p^). 

2. If ft -fu'-f = show that quantities a and h 
may be found such that 

pu==((pit+h, 
p'r =^apn +b, 
p\v = apiv+h. 

8. In the last (question 2 )rove that 

4. If the equation — — 0 has only one 

real root, pro\^e that one corresponding value of k is 
a complex (quantity whose modulus is unity, and that 

in this case Zv^sn is real if it is real. 

5. Show that 

4p2u = pu + p{ u + ay) + p{u -h «') + p(u + ay"), 

6. Prove the fonnulae 

(1 ) {pii-¥p{v^+(a)}{ piV' + w') + pin + ay ") } 

= —4fpayp2u^4spay'pay". 

( 2 ) plu=ii>u+ 

+ (pu. - ej)^(pu- + {pu-ej)^(pu - e^K 
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7. Writing t), y{, i/' for fw', fw", prove the formulae 

(1) <J+V=»/". 

(2) f (tt + 2TOa) + 2m V) = j'a + 2i)i »; + 2m V, 
if m and m' are integera ; 

(3) tJOD' — fl'w^^fTr', 

« W' 

= {n+ J log(ptt - t'l) 

-ilogZCi-e^lZCi-ej,), 

(5) 2f 2u=^u+ ^(u+a>) + ^(u + w') + f(u — w"). 

8. Show that 


f — P — — 2v ^u. 

J px--pv ^ J px'-pit ^ 

0 0 

9. If a and b have the same meaning as in Ex. 2, 
show that 


d ^ &'x-apx-b^ jf'u )p'» p'w 

dx ^^'x+a^+b p®— pa’^px— sw'’"pj:— 



CHAPTER VIII. 

DEGENERATION OF THE ELLIPTIC FUNCTIONS. 

§ 74. For certain values of the modulus the elliptic 
functions degenerate into trigonometrical or expo- 
nential functions. 

Thus let /i: = 0, then dn ^6= 1 always, and 
d 

-r-mu = cii u. 
dil 

where cn^ a -J- sii^w- = 1 , 

and sn() = 0, cnO = l. 

Therefore sn u is sin v, and cii u is cos u (§ 6), 
ifa = u, Zu = 0. 

§ 76. The six related moduli in this case are equal 
in pairs, the three values being 0, 1, oo . 

If = 1 , then dn u = cn u, and we have 

d 

sn ii = cn^it = 1 - sn^-it, sn 0 = 0. 

du 

Put sn u=tanh 6 and we have 

sech^©^-^ = 1 — tanh^0 = sech^d. 

Thus 0 = u, as they vanish together. 
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Hence sn(^t, l) = tanh^l., 

cn(tfc, l) = (ln(?/, l) = Hech u, 

E{xi, = | cln“(tt, l)cZi4 = sn(;<, ]) = tanhu. 

0 

K is the least positive value of xi for which «echu = 0, 
that is K=^oo , 

^=sn A’'= 1. 

Z(u, l) = tauh a* 

§ 76. For the case when k= x we have 
sn(i/, k) = ~ ^ = I sin ka, 

cn(u, k) = (In f » 

(ln(t«/, k) = cn ^ j = cos ku. 

These fomiulae show the behaviour of snu, cnu, 
diiu when a is a (juantity coinparabh* with l/7»-. 

The table of periods for tbe related moduli (^27) 
shows that in this case both the periods are infinite, 
their ratio bejin^ —1. 

§77. When /*=(), the real quarter-period is finite, 
its value being ^tt ; the imaginary period is infinite. 

When /c=l, the imaginary (juarter-period is finite 
and equal to Wi ; the real period is infinite. 

It may be shown that in tliis case the limit of 
TT-r-log k' is finite, and in fact = — 1 . 

^The notation sgUy cgu for 8n(f(., 1), cn{u, 1) is sometimea used, 
in honour of Oudermann. A 8 however the functions have names 
already, being the hyperbolic tangent and secant, we have not used 
the others. 

The function arcsin tanh u is generally called the Cudermannian 
of tf and written gd n, (See Chrystars Affjehra, chap, xxix., 
§31, note,) 



DEGENERATION. 


71 


For we proved that 

1{EK - log k') = ^Eu du. 

0 

Thu8 }i{EK- 2K - log k ') = - 1 )du. 

. <> 

Also L\u, 1 ) — 1 = tanh u — 1 

so that ^{E{u, 1) — lUZ^t = log(l + e”^“)= — log2, 

betw(*on tlio limits 0 and x . Hence 

) = Liiu - -y „ - -f-log/c = —1, 

2 — 71 / 

as A’= 1 in ihe limit. 

EXAMPT.ES OX CHa\PTER Till. 

1. Wlien /i A\‘inishes, prove that 

T-r . A . 11 sin(n--u) 

mu, a + ,K)^u cot « + i log ^-y 

2. Show that 

ciy 1)= 1 logcosh(tt — <(\sech('2t + a-)+?f tanh a. 
il. Prove that the degeneration of pu takes place 
when 

4. Show that gd(7 gd m) = £W.. 

5. By the substitution 

h cot 0 — a tan 0 = (rx + 6)cot 0, 

prove that 

ir TT 

\\(Mn^e+bW6y^de=r(a^Wd+b^WeT^de, 

() 0 

where 2ft^==a+h^ hy^=i(x^b^, and a, 6, 6^ are all 

positive. 
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6. If in the last question hy are formed from 
as these from a, fc, and if this process is carried on, 
show that in the limit, when n is increased indefinitely, 

Cln = I I (<t^COH-6 + h^Hin^Oyhld. 

0 

(This quantity is Gauss’ Arithmetico-Geomotric Mean 
between a and 6.) 



CHAPTER IX. 


DIFFERENTIATION WITH RESPECT TO THE 
MODULUS. 


§ 78 . Tlie elliptic functions depend on two variables, 
the ar^ment and the modulus. We must now show 
how to diflerentiatc them with respect to the modulus. 
Write s, c, d for sntt, cu?^, dnt<, and let o-, y, S denote 

0 B 0 , 

^sn«, ^cnu, ^^dnu. 

Since then ^ = cd, 

du 


we have 
Since 


0^ 4- = ci^ + A; V = 1 , 


we liave cy + sor = 0, dS + + k^scr = 0. 

Eliminating y and S, 

cd^+8eK<P+^®c2)+I»*c*=0. 

Now 

d / (r\ , As* 
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Again 

d sc 
dll d 

<.2_s2 + 

k-s^c^ 

d-~~ 


Thus 

d 1 (T 

kse\ 

kc^ 


Tik^r 

'¥W~ 

I7- ~ 

■ /.-/A ’ 

and 


(T 

ksc V 

, Eu 


ar 

/Ar /.■ 

kk'-^' 

each side 

vanisliing when 

■H=0. 

Hence 

d an 16 k 


it (In u 

Eu 

Zk ~k 

;>:^sn 11 cn- 

-/6+ ^ cn 



d cn n h „ i 

- --, - = — , , ,811“ ^6 cii u — , sn ?f an . ,.,«n it dn v , 
d/r A* “ k kk “ 

//^sii^dt (In /t — ku sii a eu ti sii ti cn u. 

{J79. From the last we may further find 
follows; — ^ 

f = y. ,lu2« = - T^VeZ- - ihi. . sal + . scJ. 

^vbdk ok k ^ k “ 

d 


Now 


du 


sal = c^d^-s^d‘^-]cW 
= kV + c^(l^ — 2s^d^, 


d 

du 


(Eu . 8®) = 2Eu . 8cd + s^(P, 


A 

du 


u. 8 ^= 2 u. 8 cd+^. 


TT 2^Eu d (ka^ry 7 2 . kacd'i 


” - ^*+ Ai*) 
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Integrating, 

0 /* ]\ 

clihiEu — hii fmhh + sn u cn u dn u, 

since a^ain both sides vanish with u. 

§80. These equations enable us also to find 

(IK dE . 

~jT' ,etc. 

<(/i* dk 

We have cn(/i, i')==0> and therefore 
— sn K dn K . sn K dii K + sn K dn K = 0 

by dirterentiatiii^. Thus 

Again, when u = 7i , ^ 


Thus 

Also 
so that 


= — hK + dn- A" -jr 

(fJi‘ dn 


= -/.7r+ 


E-¥'^K E-K 


k ~ k" 
tJK' _E'- k^K' ilE' _ E'_- K ' . 

(U/~ ’ dk'~ ir ’ 

dK’_k^K'-E' dE'_k(K'-E') 

dk 


kk"^ 


dk 


k'^ 


§ 81. Again 


d 

dk' 
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Putting 1^ = Cy k'^ = c' in this we have it in the form 

which is unchanged if c and c' are interchanged. It 
must therefore also hold when is put for K, as can 
easily be verified. 

The most general solution of the equation 

is accordingly y = AK+ BK\ 

where A and B are any constants. 

§ 82. In the same way 

d(jdE\_(lE ilK_E^K_E-y^K__m 
dkVdk)^~dk dk^ k ' kr^ " jfc'2- 

This equation is not satisfied by E' also, but we saw 
(§ 63) that 

E(K+ lK') = E+l(K' - E), 

so that is suggested as a second solution. 

Now — 

Hence the most general solution of the equation 

is z=CE+D{K'-E^, 

C and D being any constants. 
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§ 83. The differential equations just found for K 
ami E may be solved in series, and thus the expansions 
of K, K\ E, E' ill powei-s of h may be found. 

m i \ /I 7 


and put 




for the exponents of Z; in succi^ssive temis must clearly 
differ by 2. Tlien 

The coefficients are therefore given successively by 

the relation values of s 

by the equation «2 = 0. This equation has equal roots, 
so that we find the second solution by differentiating 
the first, namely 

(s+2)V+4)^..(s+2r)2 "" ’ 

witli respect to 8 before putting in the value of s. 
Hence, if 

, ^/1.3...(2/— 1)V 

and 2/2=2/ilog«+2.^t 2 A~.: 2 /r ] 

^(^“2‘^3“4'^’””2r)^’ 
the complete primitive is 

y=Ay^+By^ 
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§84. Wo may therefore choose A and Ji so that 
this expression shall be the value of K or 

Now we have seen that when /l = 0, if=j7r. But 
= 1, 2/2 = X for this value of k Thus 




Suppose that = il 2 / 1 + B f/^. 


§ 85. In the same way, from the equation for E we 
may find series for E and K'-^E^ or we may use the 
formulae 


E^k'^K+kk'HKIdk 
ic - R = kr^K' + kk'kiK'idk 

Putting ^r=a-k^){yy+lc^)> 


we find 


where 


E= hirz^, 

K'--E'^Az^+Bz^, 


= l^..y.. .(2r-3 )\2r-l) 

I 22 2 ^. 4 ‘^ *** <?;2 a 2 / 6)«.\2 


2®.4*...(2r)* 





Hence E'=Aiyi-Zj)+B(y^-z^)-, 

and as when ^=0, 

and y 2 -h=-'^> 

we have B=—l, 
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§ 86 . J, as well as B, may be found as follows : — 
We found (866) that the limit of \{EK-2K-\ogk% 
when /o = 1, was —log 2. 

Thus in the limit, when Zi=0, 

{A{y^- + B{y^ -s^)}{Ay^+ liy^) 

-2{A y^ + By^ - ] og A: + 2 log 2 = 0. 

The coelRcicnt of logfc on the left is — 5^ — 2j5— 1. 
This must vanish, so that, as we found before, 

B=-l. 

The absolute term is — Ai?— 2A + 2 log2. This must 
vanish, so tliat 

A = 2 log 2. 

Hence K' = ^yjog 2 - 

E' = 2(2/1 “ - ( 2/2 - ^ 2 )- 

It is noticeable tliat the scries t/^, are hypor- 
gcometric. Thus, in the notation of hypei*geometric 
series, 

^=f h 1, 

EXAMPLES ON CnAPTER IX. 

1. Prove that K increases with k so long as the 
latter is a positive proper fraction, while E decreases 
as h increases. 

2. Show that 

^Evdv- 
3 
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3. Prove that if Nn is the coiiiTnoii denominator of 
sn im, cn nu, dn nu, and is equal to iinity when u = 0, 
then 






+ 27r~^(Eu - //%) 


+ n\n^ — 1 )Nnl‘^m^u = 0. 

4. Writing* x for snt^-, transfonn this differential 
equation into the following, in which x and k are the 
independent variables : — 

2nW^|;+(l - *^)(1 


+a!^{(2%2_ i)^2(i _a.2)_ 1 +l^x^}+n%r );^- 1 )i\r„/cV = 0. 

OX 

(For Examples 3 and 4 use the result of Ex. 11, 
Chap. VI.) 

5, Show that 


= </ 2 ^ - + ili/ 2 i/s. 

= ^9z9^-gi- 

6. Prove also that 


(f/2®-2W)4f“ 

= - - 1 i/sf «-) + i9z9'‘»' + - ^9^z^> 

and that 

= - - lfif2P'^ - + \ 9 %'>^- 
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7. Show, by differentiating the equation 
or otherwise, that 


(£// - + 1- Ws. 


8. Prove also that 

( <// - = hl92^ - %o)g^2, 


{gi - = - t«j£r3 + to>£/2*- 

9. Verify by differentiating that EK'+E'K^KK' 
and j;co'— j;'co are constants. 

10. Interpret the following differential equation, 
satisfied by pw : — 


3 3 


dK 


dE 


11. Verify the values of and when one of 


the related moduli k\ \jk, l/k', ikjk\ ik'fk is sub- 
stituted for h 

12. Deduce the expansions of K and E in powers of 
k by means of the equations 





^de, 


IT 


13. From the equations of Ex. 12 find the values 


« dK , 
of and 


dE 

dk: 


D. ». P. 


F 



CHAPTER X. 

APPLICATIONS. 

§ 87. The tisefulness of tlie Elliptic Functions con- 
sists chiefly in this, that by means of them two surds 
of the form {a + 2ftx^yjrr)^ can be rationalized at 
once. One such surd could lx? made rational by 

an algebraical substitution: thus (1— become 

+ if 2y/(l4*//-) is put for r, and (l+u;‘“) 
becomes (1 +y^j/(l — it 2///(l— y-*) is put for x\ 
but generally speaking no I’ational algebraical or 
trigonometrical substitution will rationalize two such 
sunLs. 

888. Let the two surds be and where 
s = a+2te fr — u + '2.px + yx^, 

We shall suppose the coefficients in s and a to be real. 

Also let S^A + Wx+G'x? 

where A, B, G are found fn>m the eciuations 

Ac^2Bb+Ga=0, Ay^2BI3+Ga=-ih 

so that in fact /S= 1 —a: j. 

c b a \ 

y /9 « ' 


fCH X 
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Let J 7 be the two roots of the equation S = 0. 

Then it is known that s and a- can both be expressed 
as sums of multiples of squares of a?— jr — i;, and in 
fact it is easily verilied, since 

a + /3(^+i7) + yfi7 = 0, 

that 8{i^rj) = (ci+ h){x-rir^-{Cfj+ h){x--i)\ 
and <r(f — ri) = {yi+^) 0^ ~ rff — (yjy + ft) {x — ^ )2 

Also by tracing the rectangular liyperlx)las 

each of which lias the line ^=?; for an axis, it is at 
once seen that the values of ^ and fj which they furnish 
are real except when the line ^=j; is the transverse 
axis in eacli, and each hyperbola has one vertex lying 
between those of the other. This is the case in which 
s = 0 and o- = 0 have both real roots, arranged so that 
one root of each falls between those of the other. 

We see also that in the identity 

Ki- v) = (c^+ i'X* - + ^>)(® - if, 

the product of the coefficients of the squares on the 
right is — {c^^ri + he(^+ff) + h^}, that is ac-~h^. 

Hence s is expressed as the sum of two squares if 
8 = 0 has imaginary roots, as their difference if s = 0 
has real roots. The same holds for or. 

If then ^ and rj are real we may by the real rational 

substitution y = express and cr^ in 

terms of y and two surds ( ± 1 ± ( ± 1 ± yu 

§ 89 . Such a surd as ( — 1 — will be imaginary 
for all real values of y. The other cases we sliall 
take in turn. 
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I. To rationaKze (Take «>/*.) 

Put Ky = sn^tt, 

then (1— /cy)^=cn w., (1 — )^ = dn «. 

II. (i-/cy)i (n-/.y)^. 

Put Ky=ca\u, — — -rk 

then (1 — kV)^ = sn u, (1 + n^y ^)^ = ■«. 

III. (l+/c®i/®)k (l+/iy)k (Take /c>/u.) 

Put 

then (1 + = nc u, (1 + = dc u. 

IV. — 1)^, (1 — Here k must > /x, or 
both surds cannot be real. 

Put ;« 2 ^ = dn|u,^-^^^|, 

then (1— /ty)^=^((c®— M®)^8ntt, 


(k® 2/2-1)^= V-At*)*cn u. 

V. (;cY-i)k (n-/*y)* 

Put icv = nciw, — t}, 

then (/f®y*— l)^=9cw, (l+/ty)^=-(/c®+/i®)Mctt. 
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VI. (/cV - 1)^, (mV - 1 (Take k > m-) 

Put fiy = ns^tt, 

then (k^ — 1 )^ = ^(Is u, — 1 )“ = cs w. 

In each case the value of x is given in terms of u 
by substituting for y in 

It hardly need be said that if ^ were infinite, we 
should put y — x — r), and then we could go on as 
before. 


§90. If £=»;, the process fails. But in that case 
s and <r have a common factor a? — 

Let 8:={x^^){GX+d\ ar = {x — ^)(yx+S). 


Put 


cx + d o ^7/^— d 

yX + S ^ c — yy^ 


Thus 8{c^yy^f^{5y^--d--ic + iyy^){cS-dy)y\ 

- (/ - 

so that 6*^ and can be expressed by means of a 
single surd of the form {A-\-By-)^. This surd can 
again be rationalized by putting 



B _ 2771 

““A"” I + m‘^* 


Hence if the surds can be rationalized by an 

algebraical substitution. 


§ 91. The above does not apply to the case when 
s = c{x — d)(x — e), (T = y{x — 5)(aj — c), 

d, 8, e, e being real quantities in order of magnitude. 
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Ill this case put 

x — d 9 5?/ — cZ 

Then s = c((5 — d)y'^ { (S — e)?/^ — (ti — e) } s- (y^ — 1)^, 

cr=y(S- d) {(S - c)i/ - {d - e) } ^ (i/^ - 1 

Tims 8^ and cr^ are expressed by means of two surds 
only, and those of the form which wc have 

already shown how to rationalize. 

§ 92 . It is easy to verify, and important to notice, 
that in each case ^ is a constant multiple of 

§ 93 . An expression of the form 

ax^+^x^+yx-+Sx+€ ( = A", say) 

can always be expressed as the jiroduct of two ixial 
quadratic factors by the solution of a cubic equation. 
Hence any expression which is rational in x and 
can be rationalized by a substitution such as we have 
just discussed. 

The exceptional case of § 91 need not arise. It will 
not be possible unless the roots of A = () are all real. 
In that case there will be three ways of resolving X 
into real quadratic factors, and only one of the three 
will lead to the exceptional case. 

If a = (), X becomes a cubic instead of a quaiiic; 
but by a linear substitution for x of the form 

the expression is made rational in y and where 
so that F is a quartic in y having ny+v for one of 
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its linear factors. Thus there is no real distinction 
between the cases of the cubic and the quartic. 

§ 94 . It must not be supposed tliat the rationaliz- 
ing of these surds can only be accomplished by the 
particular substitutions which we have used. The 
number of substitutions that nii^ht be used is un- 
limited. We have tried to choose the simplest. The 
comparison of the dilfercnt substitutions that would 
rationalize the same surd or pair of surds belongs to 
the theory of Transfonnations, which is beyond our 
limits. 

APPLICATION IN THE INTEGRAL CALCULUS. 

§ 95 . When an expression has to be integrated which 
contains two surds, each the square root of a quadratic, 
or one surd which is the square root of a quartic, 
linear functioiis being counted as quadratic and cubic 
functions as quaidic, then it follows from what we 
have proved that the integral can be expressed by 
means of the functions sn, cn, dn, E, IT. 

For the subject of integration can be made a rational 
function of sn it, cn , dn u by a properly chosen sub- 
stitution, and such a function can be integrated as 
explained in Chapter IV. 

GEOMETRICAL APPLICATIONS. 

96 . The elliptic functions hav(i an impoi*tant use 
in the theory of curves, plane and twisted. This 
depends on the following theorem : — 

The coordinates of any point on a curve whose 
deficiency is 1 can be expi’essed rationally by means 
of elliptic functions of a single parameter. (Compare 
Salmon, Higher Plane Curves, ^ 44, 36G.) 

Suppose the equation to the curve to be [7= 0, and 
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that it has multiple points of orders, its 

degree being m. Then the deficiency is 

and we have 2 i/c(Z’ — 1 ) = — 3). 

Take a system of curves of the degree 7ii — 2, each 
having a point of order /ii — 1, where U = 0 has one of 
order /c, and passing also through other fixed 

points on the curve. 

The number of arbitrary coefficients in the equation 
to such a curve is 2), and the number of 

conditions assigned is 2 l)+m--2, that is 

^(m + l)(m — 2) — 1 . Hence there will be one arbitrary 
coeflScient left, and as all the equations to be satisfied 
by the coeflScients were linear the equation to any 
curve of the system is S+XT= 0, X being the arbitrary 
coefficient and 8, T determinate functions of the co- 
ordinates of the degree m — 2, such that /S=0, 
are two curves of the system. 

Of the m(m — 2) intersections of the curves ?7=0, 
S'+X2’=0, 2/c(^— — 2, that is m^--2m — 2, are 
fixed. Thus only two depend on X. Call these P 
and Q. 

Let A be one of the m — 2 fixed intersections of 
8+XT=0 with U=0. Replace A by any other point 
A^ taken at random on the curve. Then we have 
another system of curves /Si-|-XijPi = 0, whose inter- 
sections with U'= 0 are all fixed but two. Choose X^ 
so that P may be one of these and let be the other. 

will not be the same as Q, For a curve of the 
degree m — 2, satisfying all the conditions above 
prescribed for 8 + XT = 0 except that of passing through 
A^ and also passing through both P and Q, will be 
altogether fixed, and all its intersections with Z7=0 
have been already specified but one. This one is A, 
and therefore it cannot be A^, Hence and Q are 
different. 
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The three equations f7'=0, S+\T=0, + 

will therefore enable us to express the two coordinates 
of P rationally in terms of X, X^ and also to eliminate 
those coordinates and find the relation between X 
and Xj. 

When X is given, there are two possible values for 
Xi, found by substituting in —SJ1\ the coordinates of 
P and Q respectively. In the same way when \ is 
given there ai*c two possible values for X. The 
equation connecting them must then be of the second 
degree in each, and may be written 

Xi2(^X2+5X + a)+Xi(2)X2+^X+I0+®^'+^X + 7=0. 

This equation may be solved for X^, the only irrational 
element being the square root of a quartic in X. Hence 
this is the only irrational element in the expression of 
the coordinates of P in terms of X, and it may be 
removed by a substitution for X in terms of elliptic 
functions. 

Thus the theorem is proved. 

§ 97 . If the curve is not plane, but twisted, we may 
suppose + Xr = 0, + Xi?\ = 0 to represent not curves 

but cones, of a degree lower by 2 than that of the 
curve. Take t/ = 0 to be a cone with any vertex 
standing upon the curve and 8f-|-X^r=0 a cone with 
the same vertex, and having as a (/c — 1)^^® edge any 
multiple edge of order t on ?/ = 0 and also having 
m — 2 fixed edges in common with t/ = 0. 

>Si + Xi7i = () may then be a cone drawn in the same 
way with another vertex and we may ensure that 
is not the same as Q as follows : — 

Let the positions of P and Q when X = 0 be and G, 
Through F and another point H draw a cone with tlie 
vertex that is proposed tor 0 and satisfying 

those of the conditions that 8i+\Ti — 0 must satisfy 
which are not at our disposal. Take the other m— 2 
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simple intersections of this cone with the curve as 
defining the fixed edges of the system + =0. 

Then as Q is not the same as H, cannot in general 
be the same as Q. 

The rest of the argument goes on as before, the two 
equations to the curve taking the place of the single 
equation f/" = 0. 

The deficiency of a twisted curve is thus understood 
to mean that of its pi’ojection from an arbitrary point 
upon ail arbitrary plane. In genei*al the double points 
of the projection will not all be the projections of 
double points of tlie curve, but some at least will be 
the intersections with the plane of chords of the curve 
drawn from the vertex of projection. 


§ 98 . The simplest examples of curves of the kind 
in question are non-singular plane cubics, and among 
twisted curves the quartics which are the intersections 
of pairs of conicoids, and in paHicular sphero-conics. 

If X is the parameter of § 96, and u the elliptic 
argument, then it follows from § 92 that the coordinates 

are expressed rationally in terms of X and which 

we may call X', and X'^ is a rational quartic in X. To 
each value of X there correspond two values of u and 
two points on the curve the two corresponding values 
of X' being equal with opposite signs. 


§ 99 . It may be proved that if a variable curve of 
any assigned degree meet the curve in points whose 
arguments are . . . , then 

+ constant. 

For let = 0, <l >2 = 0 be any two curves of the 
degree assigned. Then wo can prove that for the 
intersections of the given curve with (f>i + — 
hiv is independent of jn. 
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In 01 and 02 substitute the values of the coordinates 
in terms of u, and let /i, fo be the results of sub- 
stitution. 

Then u is given by the equation 

/i+m/2 = 0, 


and 



Now /i and are rational functions of X and X', 
HO that /2 -^(/i + m/ 2) rational function of 

them, say >/r(X, X')-^X(^> ^ 0 - denominator may 
be rationalized by writing it 

V^(x,V)x(x, -x')-5-x(x.x')x(x. -X')- 

Thus since X'^ is rational in X we may write 
-d -f- BX' 

>1+7^2"’ ^ 

A , B, 0 being rational functions of X. 

Let Xi, Xg, . . . , Xn be the roots of the equation G = 0, 
corresponding to the values Uj, Ug, • • • , 

Then AjC and B/C may be resolved into partial 
fractions, there being an absolute term in the first 
case because A and 0 are of the same degree. 

Hence we have an identity of the form 


_/2 -j, I <p2^r+qX 

.-ei X-A. • 


Now of the two 2)oints for which X = X^, only one is 
generally to be taken, suppose that for which X' = X/. 
The left-hand side is therefore finite at the point for 
which X = Xr and X'= —X/. 

Making this substitution after multiplication by 
X — Xr, we find pr — qrX/ = 0. 




=Po+E 


r*l 


qAX+K') 

X-\r ■ 


Thus 
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If, however, the point (Xr, —X/) is one of the inter- 
sections we must have X« = Xr, X/= - X/ corresponding 
to another of the series u^, Ujj, Then the 

equation C ^=0 has only one root corresponding to 
the two arguments, and there is only one fraction 
(pr+g/X')/(X — Xr) for both. 

But in tins case the equation = 0 does not 

hold, and we write 

+ V + \r , ^/rX/ V + X/ 

X-X^ 2X/ “x'-x, iv ■ X-X«’ 


so that the final form is the same. 
The identity 




/ 1 +M /2 


h. x-x;' 


being thus proved to exist, we may find the value 
of qr in the usual way, by multiplying by X,. and 
putting u = Ur- 

Thus q,. . 2X,.' = 

/l "T" M/2 

dL\ 


= valueof/,V^(^4HM^0 


when Ur is put for u, 

= —XrdUrjdfJL, 

That is, g';.= —^dUrldjUL, 

Now ^ve u such a value that X becomes infinite. 
Then X' is infinite of a liigher order ; but as and /g 
are of the same degree, /g -5- (/^ 4 -^/ 2 ) is finite. Thus 

2gr=0, 

and ^dUr/djUL — O, 

so that ^Ur is independent of /x. 
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Giving fx the two values 0 and oo , we find that 
Suy is the same for the two curves and 02 = ®* 

But these were taken to be any curves of the assigned 
degree. Hence the theorem is proved. 

It will clearly hold also if the given curve is not 
plane and = 02 = ® surfaces of the same 

degree. 

§ 100. The facts proved in S§ 96-8 may be applied 
to integration. If y is a function of x, and the 
relation connecting them is the equation to a curve 
of deficiency 1 , then any rational function of x and y 
may be expressed rationally by means of the functions 
sn, cn, dn of a single variable, and may be integrated 
with respect to x or y by means of these functions 
together with E and II. 


§101. Take, for instance, J(l— 
Put = 


so that 03^ -f 2/^=1. 


This is a cubic without singularity, so that the de- 
ficiency is 1. 

Put x+y=z* 


Then 


— 3ir2/2^=l, 


1 






Sz 

‘3’ 


The radical is therefore (40 — 2?*)^. 

The real quadratic factors of 0^ — 42? are 

z{z--^) and 02+2^0 + 2^. 


* Here % takes the place of the. X of § 96, and the curves 8=0^ T=0 
are respectively the straight line a;+y=0 and the line at infinity, the 
point ol intersection of these two being clearly a point on the curve. 
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The roots of the equation 

2s-2^, -2^s =0 

2s+2*, 2h+2^ 

are 2“^(-l±V3). 

Hence we put 

t = (2^z-JS+ l)/(2^c + + 1 ), 

that is, «= -{<(V3+l)+(V3-l)}-^2^(<-l)- 
Then 

(t- 1)M«-2*)=2V3(2+ v'3){<*-(2- ^3)2}, 

(t - 1)V + 2% + 2’ ) = 2^ 3(iH 1 ). 

We therefore take 

< = (2-,^3)cn(«, 

using the substitution H of § 89, since the radical 

is (42?— 2 ^)^, not ( 2 ^ — 42;)^. 

Then 

2 ; = 2'®(^3 — l)(l + cn 1 — (2 — ^3)cn u} 

= 2^(1+ cn u)^ {(V3 + 1) - ( V3 - l)cn u}, 
{t-lMz-2^)= -2V3(2- V3)8n2«, 

{^ - 1)«(2* + 2^2: + 2^) = 2^ 3(2 - V3)cln2a. 

Thus (t - l)*zHx - yY = 2“3^(2 - dn%, 

x—y = 2%^(2 — ,y3)sn u <ln u 

2" V'3 - 1 ) ( 1 + cn u) { 1 - (2 - ^.•i)cn « } . 
= 2^3Wtidntt 

-T-(l+cnu){ (j^3 + 1) - (^3 - l)cn u}. 
Also x+y = 2*(1 +cn u) {(^^3+ 1) — (^3 — l).cn u). 
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From these equations x and y can be foimd at once. 
Now if V he written for |(1 ~ we have, since 

(J/D — — * — - - ' am 

2/ “ ^ 


But ^|^(£C+ 2 /)= — 2*sn?i(hitt{(*/3+l) + (.^3-l)} 
-{(V3+l)-(.^3-l)cnuP 
= -3^2"*(fl5-2/){a:+J/), 


SO that = 2 ^ . 3^ . u + const., 

that is to say, 


f - 2-¥cn-i^^^±lli£±i^ 

(73-l)(a:+(l-£c8)*} + 2S 
the modulus being (^3 — l)/2^2. 


§ 102. It should be noticed that when a is a con- 
stant, the equation connecting snu and sn(?6 4-c/) is of 
the same doubly quadratic form as the one found 
between X, \ in § 96. 

For the two values of sn(t6 + ci) when snit is given 
are sn(u+a) and sn(2/i — uq-u). Their sum is 

2 sn n cn a (in a H- (1 — /An^u sn^a), 
and their product is 

(sn^u — sn^a) - 5 - (1 — hHn^u sn^a). 

Hence sn2(u -f a) { 1 — kHn^u sn^a} 

— 2sn(u + a)sn u cn a dn a + — sn^a = 0, 

that is, fSD?u sn*^( u+a) — 8n2(u -f- a) — sn% 

-f 2 sn(u -h a)sn u cn a dn a -h sn’^a = 0. 
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The same holds for any other of the elliptic functions 
sn, cn, dn, sc, etc. 

This suggests another way of integrating Euler’s 
equation (§40) whicli was given by Cauchy. 

Let <l>{Xj 2 /) = 0 be an equation of the second degree 
both in X and y, and let 

Then ®|=2(y^ + ri), 

|J=2(Zo2/+Z,). 

But since <ji{x, y) = 0 we have 

(Foa:+F,)2=Fi2-FoF2=F,say, 
and (Zo 2 /+Ai) 2 =Xi 2 — XoX 2 = Z, say. 

Hence 0(a?, y)^0 is an integral of the equation 
X~^dx+T~^dy — 0, and X and F are quartics in x 
and y respectively. 

Also if in ^{x, y) the coeflScients of xhj and xy^ are 
equal, as also those of x^ and and those of x and y, 
then 0(05, y) will be symmetrical in 05 and y, and X 
will be the same function of 05 that F is of y. Also 
the number of coefficients in 0 is still one more than 
the number in Z or F so that if the coefficients of Z 
and F are known, 0 = 0 will contain one and only one 
arbitrary constant, and will be the complete primitive. 

§ 103 . If in a doubly quadratic equation connecting 
05 and y we transform x ox y ot both by substitutions 
of the form i» = (e^+/)/(g^^+A), the transformed equa- 
tion is still of the same form in the new variables, 
though with different coefficients. 

Now there are three arbitrary constants in such 
a transformation, and they may be so chosen as 
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to make the transformed equation symmetrical, since 
symmetry is ensured if six coeflScients are equal in 
pairs, namely those of x to those of y^y y 

respectively.* 

^^len the expression has been made symmetrical, x 
and y can be rationalized by a substitution for either 
in terms of elliptic functions, the two substitutions 
being of the same form and having the same modulus 
but different arguments. It follows however from the 
differential form of the equation that if n and v are 
the two arguments, 

dn = ± dvy u ± ^ = a constant. 


Hence transformations x = V = 


can be 


found such that ^ and 1/ are the same function (sn, cn, 
dn, sc, etc.), with the same modulus, of arguments 
differing by a constant. 


the notation of §102, it may be proved that the anhar- 
monic ratio of the roots of X = 0 is always the same as that of the 
roots of Y = 0. 

For, by putting xy^z, <p{Xy y) may be made a quadratic function 
of Xy y and z, so that the two equations ary - z = 0, ^ = 0 represent a 
twisted quartic curve. The cone standing on this curve whose 
vertex is any point of it will be a cubic cone and the anharmonic 
ratio of the four tangent planes to it drawn through any one of its 
edges is a constant. (Salmon, Higher Plane. Cnwen, §167.) Thus 
if A, /jf, (7, D are any four points on the curve the four tangent 
planes through AB have the same anharmonic ratio as those through 
BGy and these have the same as those through CD, 

Now let ABy CD be the lines at infinity in the planes a? = 0, y = 0 
respectively, tbese being chords of the curve xy = z, ^ = 0. The 
equations X = 0, F = 0 represent the two systems of tangent planes 
and the theorem follows. Another proof is given by Salmon {Higher 
Plane CurveHy § 270). 

It follows that by a linear transformation of x the roots of X = 0 
can be made the same as those of F= 0. This is the transformation 
wanted, for it may be verified that ^ is symmetrical if the coefficients 
in X are proportional to those in Y, In carrying out this verification 
it is advisable to suppose X and Y reduced to their canonical form, 
in which the second and fourth terms are wanting. (See Salmon, 
Higher Algebra, § 203. ) 

D.E.F 


G 
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§ 104 . This applies to any case in which two para- 
meters are connected by an algebraical relation, such 
that to each value of either tliere correspond two 
values of the otlier. Tlioro are two or three important 
cases of this which we shall now discuss. 

In the first place, let 1\ Q be two points on a conic, 
such that the line joining them touches another fixed 
conic. If 7-^ is given thaiw are two possible positions 
of Q, on(‘ on eacli of the tang(iiits from P to the other 
conic. The relation Ijotween P and Q is reciprocal, and 
the coordinates of each may be ex])i*(issed rationally 
in terms of a single parameter. Hence the parameters 
of the two points are connected by a doubly (juadratic 
e(juation of the form we have been considering. 

The same may be proven! if the tangents at P and 
Q are to meet on another fixed conic, or if P and Q are 
to be conjugate points with respect to another fixed 
conic. It is in fact known that these three conditions 
are only the same stated in difierent ways. 

§ 106 . Jacobi has given a full discussion of the case 
when the two conics are circles, into which they can 
always be projected. 

Take any four points -4, a, /8, P (Fig- 2), in order on 
a straight line, and on AB, a/5 as diameters describe 
circles. Let the centres be 12, 0, the radii P, r, and 

loton^s. 

Let P, Q be two points on the outer circle, such that 
PQ touches the inner circle at T. Let P'TQ be a 
consecutive position of PTQ, meeting it in U. 

Also write 

e=BAP, </>=BAQ, e+dd=^BAP\ </>+d<p = BAQ'. 
Then PQP=20, 

PQP'=2dd, 

PP'=2Pd0, 

QQ'=^2Rd^. 
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The angle 
and the angle 

Thus 

and in the limit 
But FT^= 


PUP'=QUq\ 

P'PQ=QQ'P'. 

PP'_QQ^ 

pu~uq' 

(Id _ (l<}> 
PT~TQ 

01^ -or- 


= + + iRS cos 20 - r^, 

TQ-i =R^+,f+2 RS cos 2^ - r^. 



If then we write 

k^=4>RSI{(R+Sy-'i^}, 

sin 0=sn(u, k), 
sin <J) = Hn('V, k), 

we have cos 0 = cn w, 
cos^=cn V, 

PT={{M+Sf-i^\Wu, 
TQ={(R+ Sy — r®}^dn v. 
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Also 

cos 6 d0=cn g dn g dg, 


d0 = dngdg. 

Thus 

du=^dv. 


t;— g = a, a constant. 


§106. If now we put ^=tan6, ?; = tan0, the co- 
ordinates of P atid Q can be expressed rationally in 
terms of ^ and j; respectively, and we can hnd the 
algebraical relation between ^ and 17 that follows from 
the equation v — 

I'ake QB as axis of x, and a perpendicular to it 
frain n as axis of y. Then the equation to PQ is 

X cos(0 + ^) + 2/ sin(l 9 + 0) = cos(0 — 0). 

The perpendicular drawn to it from 0 is r. Hence 
R cos(0 — (ji) + & cos(0 + 0) = Ty 
that is, J2+^+(i2“-^)^>? = ^sec0sec^, 

Putting r/( /2 -h 5 ) = cn(tt, /<;), 

the value of cos 0 when Q is 0, we find 
(i2~5)/(i2+5) = dn(a, k). 

Thus 1 + dn a + = (1 + ^^)(1 + fj^)cn^a. 

Solving the quadratic for 17, we find 

— ^dn a ± sn a cn a(l + 1 ^ /c'2^2^4 

iVc'Wa-cn^a 

As was to be expected, this is rationalized by the 
substitution ^=sc(u, JcX and becomes 

_ sn u cn u dn g hP sn g cn g dn u 
^ ~ cn^g cn^g — A'^sn^g sn^g ’ 


so that sc(g+a)= 


sn g cn g dn g+sn a cn a dn u 
cn^g cn^g — k%T?a sn% 
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the lower sign being taken in order that the two sides 
may agree when u = (). This is justifiable because a 
was found fi*om its cn and dn, and therefore the sign 
of sn a is as yet undetermined. 

The equation j‘ust found is one of the addition- 
lorinulae. Otliers may be written down at once from 
the figure. For instance, 

PT+T(2 = 2fisin(0-e), 
that is, (P+ J)sna{dim + dn ??} 

= (i2 + <5)( 1 + dn a)(sn i; cn 16 — sn u cn v), 

or + 66)cn ii — sn le cn(t6 + a) _ sn a 

dn(u+(6) + dnt6 "“l+dna‘ 

§ 107 . When the outer circle and AB, the axis of 
symmetry of the figure, are kept fixed, tlie (juantities 
a and k depend on the position and size of the inner 
circle. It is of some importance to know under what 
circumstances the modulus k will be constant. 

Now = 4iJ5/{(P + Sf - 7*2}. 

But if 8 is tile distance from of the radical axis of 
the two circles 

and = 

so that 8==2Rjk^--^ R. 

Hence if tlie inner circle vary so as always to have 
the same radical axis with the outer, the elliptic 
functions will have the same modulus. The quantity 
a is then the argument belonging to the other end 
of a chord of the outer circle drawn from B to touch 
the inner circle- 

§ 108 . An interesting case is that in which the inner 
circle has its radius zero, so that all the tangents to it 
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pass through the inner limiting point of the coaxial 
system. 

In that case cn a = 0, so that a is an odd multiple 
of K, if real. Let L be the limiting point. Then if 
PL produced meet the outei* circle again in P^, the 
argument a + K belongs to the point P^. 

Thus belongs to P. It should, however, be 

noticed that when the argument ti is increascMl by 2K 
in this way, Q is increased by tt only, so that snu 
and cn n have signs opposite to those they had before. 
The signs of and AP are in fact changed, be- 
cause the positive direction of measurement has been 
changed in each case by a rotation through two right 
angles. 

We have then sn n = BP j BA , 

cn u^APjBA, 
dn it — LP/LB ; 
and, travelling along the arc PAP^^ 

^n{u+K) = BPJBA, 
cn(u+ir)= --APJBA, 

Mu+K) = LPJLB, 

Now PPi = BA sinPPX = BA sin PBL x BLjPL 
^PA,BL/PL. 

Thus sn( u + K) = cd u. 

Also AP^=PB.ALIPL. 

Now AZ/PX = dnir=//. 

Thus cn( It -f if ) = — /j'sd u ; 

and since PL . ZPj = BL . LA , 

dn(it -f if ) = //nd u, 

§ 109. The coaxial system of circles have a common 
self-polar triangle of which L is one angular point, 
the other two being U the other limiting point and 
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the point at iiitinity in a direction peipeudicular to 
A Bj which we may call M. 

The ii^ure sIjows that if I/P and MP meet the 
circle again in arguments belonging to 

Po and P« are JY— it and respectively, for P«Po 
passes thi’ough L. 

But since sc(: 2 f/ir'— u) = scit, every point on the 
circle has two distinct (that is, not congruent) argu- 
ments belonging to it, and the second arguments 
belonging to Po, P 3 are respectively congnient to 
+K +11 and 2iK'+ii (mod. 27v", 

It is now clear tliat if the iinier circle in Jacobi’s 
construction is replaced by a circl(‘, of the, same coaxial 
sytein, but containing th(‘. othei* limiting point, then 
the (juantity a is not purely real but has its imaginary 
part equal to an od<l multiple of 2lK\ If on the 
other hand a is purely imaginary, its cii and dn are 
real, so that the inner circle is to be re])laced by a 
real circle of the system, but one which coiitaiiis the 
original outer circle. 

§ 110. By help of the foregoing we can answer the 
following question: Can a polygon of an assigned 
number of sides be inscribed in one given conic and 
circumscribed to another 

Project the two conics into circles as befoj*e. Let w 
be the argument of one angular point, that of 

the next, then will be that of the third, and so 

on, and if the polygon has n sides and is closed the 
argument u+na must belong to the first angular 
point. 

Hence u+ na^n or a (mod. 2iv", AfiK'y 

Suppose first that 

n+na^liK' — tr, 

(a — l)a, 

u + 2a ^ 2iK' — 'it — (91 — 2)a, etc., 


then 
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so that tlie second angular point coincides with the 
Tith, the third with the (t?. — l)th, and so on. Thus 
there is no proper polygon in this case. 

If on the other hand we take = u we find 

a = 0 (mod. 2Kln, 

This condition does not assign any of the angular 
points, but only shows that unless the two conics are 
related in a particular way the j)robleni lias no solu- 
tion. If the conics are so related, that is, if a has one 
of the values included in the formula {2rK+^siK')ln, 
then the value of it does not matter, and any point on 
the circumscribing conic may be taken as an angular 
point of the polygon. 

ARCS OF CENTRAL CONICS. 

§ 111. It is most likely known to the reader that 
the length of any elliptic arc can be expressed in 
tennis of the coordinates of its ends by means of the 
elliptic functions sn, cn, dn, and that it is from this 
fact that the name “ elliptic ” arises. 

The ellipse is the locus of the point 

(a sn u, h cn u) for diferent values of the argument u. 

If 8 is the length of the arc measured from one end 
of the minor axis (0, h) then 8 vanishes with it and 

{d8lditf = (a^cn% + 

= a%l — 6%n2tt)dn^t6. 

So far we have not assigned the value of k. If we 
take e for its value we have 

d8ldu=^adD^ii 
8=aE(u, e), 
x = aan(u,e), 
y = bcn(u, e). 


and 

if 
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^his expression holds equally well for the hyperbola, 
but it is not so useful, as the modulus of the elliptic 
functions is then greater than 1 and the point from 
which the arcs are measured is imaginary, h being 
imaginary. 

§112. In the hyperbola — = l we may 

however put 

y = hcH{K’- 'll) = 6//sc u, 
a? = a ns(iL — u) = a dc tt. 

so that u vanishes for the point (iiy 0). 

If S is the length of the arc measured from this 
point we have 

(dS/duy = (aH‘%c^i+bW‘^dcru)nc^u, 

= 6-/i;'%c%, 

if = that is k — lje. 

Thus dSjdu = bkfnchi if /»; = 1 /c, 
and S = ae{m n dn — Eu). 

§ 113. The equation 

Eu + Ev - E{'w + 1;) = i^sn n sn v sn(u + v) 

may be expected to furnish a geometrical theorem 
concerning arcs of a central conic. 

We must first find what geometrical condition is 
expressed by such an equation as u — v = connecting 
the arguments u and v of two points on the ellipse. 
It will be more convenient to put 

tfc = a+j8, v = a— j8. 

The tangents at u, v are then 

^ 8n(o ± /3)+| cn(a ± ^)= 1, 



100 


ELLIPTIC FUNCTIONS. 


and at their intersection we have 

(Xj 

-sna cn/8dn j8+'^ cnacii/8= I— A:*su'^asu^j8, 

OC V 

- sn /3 cn a dn a = ^ sn a sn ^ dn a dn j8, 

whence u? = a sn a dc 

y = hcn a nc j8. 

Eliminating a, we have 

x^l aMc^yS 4- y^lbhic^^ = 1 . 

Eliminating we have, since e is the modulus, 

I — y^lah^cio?a = 1. 

Each of these conics is confocal with the original 
one. Thus if u±v is constant, the intersection of 
tangents at the points , v traces a confocal conic. 

§ 114 . At a point on the tangent at u whose dis- 
tance from the point of contact is z we have 

x — asnu^y---hcnu_ _z 

acnu & sn u a dn u' 

so that x = aHnu+z cdu=^asnu+Z8n{u+K), 
y = bcnu+zcn('ii+K). 

It is hence easily found that the lengths of the two 
tangents at (a ± /3) measured to their intersection are 

a sc dn a dn(a ± )8). 

Call these t^, Then 

f j + ^2 = 2a sc dn^a dn ^/(l — sn®^), 

— ^2 = 2ae^sn^/3 sn a cn a dn a/(l — sn^^). 

Now by the addition-formula for the function E 
E{a + ^) — Ea--Efi— — /An a sn/3 sn(a+')8), 

E{a -^) — Ea + E^= a sn /3 sn(a — 
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and by addition and subtraction 

E{a + /3) + E{a - - ^Ea 

= — sn a cn a dii «/( I — sii^/S) 

= (^l-^2)Ab 

i;(a + /3) - ^(c/ - - 2/J/3 

= — 2Rsii-a sn /3 cn ^ dn j8/(l - Hsn^a sn'^jS) 

= + ^ 2 )/^^ — 2 sc /3 dn /3. 

If then a + /9, a — /3 are tlie arguments of the two 
points P and Q the tanf^^ents at wliicli meet in 2\ and 
if ]i is the point fi*om wliicli the ai‘cs are bein^ 
measured, we have, v^hen T traces a confocal ellipse, 
so that /? is a real constant, 

arc BP — arc BQ — TP — TQ = a constant, 
or TP + TQ — arc PQ = a constant ; 

and when T traces a confocal hyperbola, so that a is a 
real constant, 

arc BP + arc BQ - TP + TQ = a constant = twice arc BR, 

if R is the point of intersection of the hyperbola and 
ellipse between P and Q. Thus 

TP - arc RP = TQ^ arc RQ. 

§ 116. This applies also to the liyperbola, but since 
in that case 6 is a pure imaginary the relation 

TP + TQ — arc PQ = a constant 

holds when T moves along a confocal hyperbola, and 

77^ ~ arc i?P = 7 'Q - arc iiQ 

when T moves along a confocal ellipse. 

For geometrical proofs of these theorems, which 
are due to Dr. Graves, see Salmon’s Conic Sections 
Chap. XIX. 



108 


ELLIPTIC FUNCTIONS. 


It is noticeable that the system of confocal conics is 
the reciprocal of a system of coaxial circles with 
respect to one of the limiting points, so that this case 
is closely connected with that of §§ 107-110. 

A CASE IN SPHERICAL GEOMETRY. 

§ 116. Another case of a doubly quadratic relati(m 
between two parameters is afforded when an arc of a 
great circle moves on a sphere so as always to have 
its two ends on two fixed great circles, its length 
being constant. 

Let PQ, P'Q' be two consecutive positions of the 
movable arc, 0PP\ OQ'Q the two fixed arcs (Fig. 3). 



Let OP = 0, Or = e+de, 0Q=i/>, 

0q = 4>+dtl>, P0Q=A, PQ^a. 

Then the integral equation connecting Q and 0 is 

cos Q cos 0 + cos A sin 0 sin 0 = cos a. 

To form the differential equation, since PQ = P'Q\ we 
have PP' cos OPQ = Q'Q cos OQP in the limit, that is, 

(1 — sinM cosec^a sin20)4d0 

+ (1 — sinM cosec^a Bin^6)^d</) = 0. 
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We may then put 

sin 0 = 8nu, cos 0 = cnu, cos OQP = dn u, 
sin ^ = sn t;, cos ^ = cn v, cos OPQ = dn v, 

the modulus being sin A cosec a, and we have 

du + dv = 0, u+v = constant = w, say. 

Then is the value of v given hy supposing and 
therefore 6 to vanish, so that 

sn'M; = sina, cntc; = cosa, dn^c;= — cos-4, 

and we have cn = cn u cn -y — dn w sn to sn v, 
that is, cn(u + y) = cn u cn v — sn 7c sn v (ln(u+v). 

This is one of the addition -formulae. 

We have also 

cos 0 = cos a cos ^ -h sin a sin 0 cos OQP, 
or cn = cn(tfc 4- t;)cn v + sn(u + 'y)sn v dn u, 
and cn y = cn(u + v)cn u + Bn(u + t’)sn u dn v. 

These three equations may bo solved for 

sn(u4-v), Qji{u+v), dn{u+v). 

If the modulus is to be real and less than unity and 
w real, we must have A obtuse and a+A greater 
than two right angles. We may then write 

sin 6 = sn n, cos 9=cnu, 

sin 0 = sn(^^; — u), cos 0 = cn(i(; — u), 

w being a constant. 

§ 117. In this case we have 

dO/du s= dn 16 or dujdO = (1 — Ai^sin^O)”^. 

The function 6 of u which satisfies this condition and 
vanishes with u was called by Jacobi the ampli- 
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tude of ^6, it being the upper limit on the right-hand 
side of the equation 

u = J (1 — 

0 

It was also customary to write A0 for (I — /-^sin^S)^. 
Thus snu, cii ti, dll it were conceiv^ed as th(‘, sine, 
cosine and A of tlie amplitude of //, and in Jacobi’s 
notation were Avritten sin am u, cos am //, A am u, tht‘. 
amplitude 6 being denoted by am a. The sliortm- 
notation, sn, cn, dn, was suggested by (Judermann. 

The function am u is of no importance in the theory 
of elliptic functions, but it sometimes presents itself 
in the applications of the theory. In the case con- 
sidered we may, for instance, write 

6 = am n, <j> = am(w; — u). 

APPLICATIONS IN DYNAMICS. THE PENDULUM. 

§ 118 . There are certain problems in dynamics 
whose solution can be expressed by means of elliptic 
functions. Tlie simplest is perhaps that of the motion 
of a pendulum. 

The equation of motion is 

16= — ysin0, 

where 6 is the inclination to the vertical of the plane 
through the axis of suspension and the centre of inertia 
and I is the length of the simple equivalent pendulum. 

A first integral is found by multiplying by 0, it is 

^ ^ (jQQ 0) = gr(l + ^ - 2 sin^^ 0), 

K being a constant. To integrate this put 
0=2am{u, 2*(l+/c)“i}, 
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SO that sin 10 = sn u, 

cos |0 = cnu, 

1 + if — 2 sin‘^ J 0 = (1 + K)Ar!?‘U. 

Then v?^{l+K)gl-2l, 

and u = ^ { (1 + K)glH] ^ + const. 

§ 119. Let A, B \m the highest and lowest points of 
the circle described by the centre of inertia of the 
pendulum, P its position at any time, k its distance 
from tlie fixed horizontal axis, and let 

(1 +/c)^7/2^ = 7^2 
Then BP = 2hHnnij 

AP=2hcnni, 

if the time is measui'ed from the moment when P is 
at B, 

If PF is the perpendicular drawn from P to a 
horizontal plane at a distance kU above the axis, that 
is, at the level of zero velocity, we have 

P F = (1 + K)h dn^n t 

Let BA, produced if necessary, meet this plane in C, 
Then let a circle be described having CY as its radical 
axis with the circle APB, The tangent from P to 

such a circle varies as PF^, that is, as dn nt Hence 
the figure is the same as that in Jacobies construction 
(§ 105 above). 

§ 120. The application of the addition-formula will 
then give us the following theorem : — 

The envelope of the line which joins the position of 
the centre of inertia at any time to its position at a 
fixed interval afterwards is a circle of the coaxial 
system which has for radical axis the line of zero 
velocity, and includes the circle described by the 
centre of inertia. 
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When the pendulum is performing complete re- 
volutions ic ^ 1, and the elliptic functions have a 
modulus ^1. Thus if the fixed interval is half the 
whole time of revolution, the straiglit line joining the 
two positions will always pass through a fixed point, 
namely, tlie inner limiting point of the system of 
circles, whose depth below the radical axis is 

Further, the envelope of the line joining two variable 
positions of the centre of inertia, which are separated 
by equal intervals of time from any fixed position 
(one before, one after) is a circle of the same coaxial 
system ; and if the revolutions are complete, and the 

fixed position is at a depth 1)^ below the lino of 
no velocity, the line always passes through the outer 
limiting point. 

The velocity of the centre of inertia varies as the 
tangent drawn from it to any fixed circle of the 
coaxial system, or in the case of complete revolutions 
as the distance from either limiting point. 

§ 121 . In the case when the pendulum oscillates, 
1 — /c is positive, so that the modulus of the elliptic 
functions is greater than unity. The expressions may 
be transformed by the usual formulae; putting <7 = 
we have 

= 2^(1 -h K^h sn mty 
AP^^hdnmt, 

the modulus being now 2“^(1 The velocity 
varies as cn mt. 

The general theorems derived above from the 
addition- formula still hold, the system of coaxial 
circles having now real intersections, namely, the 
extreme points reached in the oscillation. The limit- 
ing points are however imaginary, and the line joining 
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positions separated by an interval of half the period 
is always horizontal, as is also that which joins two 
that are separated by equal intervals from the lowest. 
The coaxial circle, which is the envelope in this case, 
consists of the radical axis and the line at infinity, 
and the tangents to it pass through their intersection. 


MOTION OF A RIGID BODY UNDER NO FORCES. 

J ) 122. Another interesting case is that of a rigid 
ly in motion under the action of no forces. The 
centre of inertia will then move uniformly in a straight 
line or be at rest, and the motion of the body about 
its centre of inertia will be unaffected by the motion 
of the centre of inertia, which wo will therefore 
suppose to be fixed. 

Let 0 )^, be the angular velocities of the body 
at any time t about its three principal axes of inertia, 
and let A, JS, 0 be the three corresponding moments 
of inertia, and suppose that they are in descending 
order of magnitude. 

The equations of motion are then 

A cbi = (B — 0)ft)2a>3, 

Oeijg = (A — 

The form of these suggests a substitution 

ft)i = acng^, 0)2= — iSsng'^, o)8 = ydnf/^, 

since the sign of (7— A is negative and opposite to 
those of B— (7, A — B. 

Making the substitution we have 

Aga=(B-(7))Sy, 

-B^/3=((7*-A)ya, 

Cqy¥^{A^B)afi. 

H 


D. B. F. 
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Hence 


Aa^ BI3‘^ G^k^. 



, say. 


The equations are therefore satisfied if 


where 


cnq(t-to), 

- (o)> 

®s = “ ^o)> 

j((H-CXA-a)(-A-B)\i 
^~lA ABO J • 


and the arbitrary constants of integration are j, the 
modulus k, and Iq. 

The following two important ecjuations arc easily 
found either from the equations of motion or the 
integrals : — 

Aco^^ +Bi^i ==/^^-/c'25--Z;^C)///2=r,say, 

V+^V+ ^jKk^AB+k'^AG-^BC)llc^^G\ say. 

§ 123. Suppose now that (/, m, n) are the direction- 
cosines of a straight line fixed in space. We then find 

I = — ?? Wg? 

m = — Zft?3, 

n = lw 2 TTKaiy 

and (iDg, Wg, are now^ known functions of t If these 
equations can be integrated the problem is completely 
solved. 

The equations give 

U+mm+nn^Oy 

and therefore constant. 

The value of this constant is known to be 1. 
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Also A ftij/ -f- -}- CoD^ 

= l(^C — B)a)200Q + — A )a)]^co2 
= — AZwi — Bmw2 ““ 

Hence A Iw^ + Bmoo^ + Onco^ = fiT, a constant. 

This equation expresses that the line (I, m, n) makes 
a constant angle with that whose direction-cosines are 
(AwJOy B 0 D 2 IG, CwJO) and shows therefore that this 
latter is fixed in space. It is easily found that the 
equations are actually satisfied if 

l = Aa)JG, m=Bot)2lOy n = CwJO, 


§ 124. We may now simplify the problem by sup- 
posing the line {I, m, n) to be perpendicular to this 
known fixed line, that is by putting AT = 0. 

Let (\, juLf v) be the direction-cosines of another line 
perpendicular both to (I, m, n) and to 

(Aa,,/(?, B^,JG, CwJGl 

so that G\ = OtHwg ^Biifjd^y etc. 


Then since (X, fj., p) is also fixed in space we have 


and 


X = /Xft)8~ 1/0)2, 

iX — Xi = (l/UL — Xm)o )3 — {Iv — X7t)o>2 


= ^{B<,i+CW2^)IG 


Also 

Hence arctan IjX = G(T— Ao)i‘^)/(G^ — A^ta-^), 


Thus Z = Xtant;, 

if ^~J 

This integral can be expressed in terms of the 
function II, for the subject of integration is a known 
function of t 



116 


ELLIPTIC FUNCTIONS. 


Then I, m, n are given by tlie equations 
A /coj 4 " ~ 0 , 

Gl cot V — CmcD.^ +Bna)2 = 0, 

Z2+m-+')i2 = l, 

I ^ m 

B^ta^ + ^ (jftjgCot V ■— A 

_ n 

— BG(ji>2^ot v — A 

^ 1 

G cosec v{B^(ji)2 + 

To find X, juL, V we need only change v into v+'^ 
in these expressions. 

Referred to the three fixed axes, the direction- 
cosines of the pi'incipal axis of greatest moment are 
{AwJG, X), those of the mean axis (BwJ(f, m, /x), 
and those of the third principal axis {CwJG, ??, v). 
Hence the orientation of the body is completely 
determined at any time. 

The actual value of v is found to b(‘ 

^0+ - to)/(^+ ‘n{g(« - to), a} 

if sn a = i{A{li-C)IC{A 

the values of cn^x, dna being both positive, as well 
as that of ■— isna. Vq is the value of v when ^ = 1^0, 
and it varies according as difteroiit straight lines in 
the “ Invariable Plane ” are considered, a is a purely 
imaginary constant depending on the nature of the 
rigid body, k may be any real quantity. If it is 
numerically greater than unity the formulae may be 
reduced by the usual transformation to others in which 
the modulus is less than unity. 

The values of arctan mjfjL and arctan njv might have 
been found in terms of II fimctions instead of that of 
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arctan Z/X; ttie formulae tlms found must liowever 
reduce to those we have by means of the formula for 
addition of parameters in the function IT. 

A further discussion of the motion, with references, 
may be found in Routh’s Advanced Rigid JJgnamics 
(Chap. IV.). 

ATTRACTION OF AN ELLIPSOID. 

§126. The potential of a solid homogeneous ellipsoid 
at any point may also be conveniently expressed in 
terms of elliptic functions. 

The expressions 

X- = — h^){a^ — c-), 

vyi = ^ ^2), 

c"2/(c2 ^ 

for the coordinates of any point in terms of the semi- 
axes of the three conicoids of a confocal system that 
pass through it, suggest that we make x, y, z constant 
multii)les of 8, G, D respectively where 

= sn sn sn 6*2 83, say, 

C = cn Uj cn cn 
D = dnxfcj dnttg dnUg = 

Since 
we have 

where r = 1 , 2 or 3. This equation is the relation tliat 
connects 8, G, D when Ur is a constant. 

If then we put 

x = LkW8, y = l.1c^G, z^l.iD, 

I being any constant, the locus of (cc, y, z) when is 
a constant will be a conicoid whose semi-axes are the 
square roots of 
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The differences of these (juantities are constants, so 
that the different conicoids are all confocal. 


§ 126. For an ellipsoid the imaginary pai*t of Ur 
must be an odd multiple of iK\ It will be more 
convenient to have itr real in this case ; we therefore 
put Ur+iK' for Ur throughout, and we have 

x^llc'lkS, y^l.iDjhS, 
the squares of the semi-axes being now 

IW^dr^Sr^ IV/WlsA • 

When Ur is constant and real, we now have an 
ellipsoid, when its real part is an odd multiple of K 
a hyperboloid of one sheet, and when its imaginary 
part is an odd multiple of iK' a hyf)crboloid of two 
sheets. In other cases the surface constant is 
imaginary. 

Since then one surface of each kind passes through 
any point, we may suppose u^, tiu^'-KX u^^iK' to 
be all real. 

The semi-axes of the focal ellipse are found, by 
putting Ur=K, to be W and and, as I and 1/ are 
arbitrary, these may be made equal to any lengths 
whatever, so that any system of confocals whatever 
may be represented in this way. 


§ 127. We must now transform the equation V^F=0, 
that is, 

dW 




0^2 


Now, in the first place, if F is expressed in terms 
of flf, a, D, 

0F 0F , 3F , 0F,« , , 
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32F 


?®F c^V 3®F 

... c 2/7 2o 2« 2 I .‘ „ 2/7 2/. 2,. 2 i ' 7.1„ 2p 2/7 2J 2 

"i «2 «8 ^0(;2"l 'h ' 2 ^3 ^ -(;)J;2''' *1 'h ^3 

C)®F 3®F 

3®F BF 


- g-(jCjC4Cj,(r7,i2 - A; V) “ --QD^<kdM.c^ - Si®)- 

with symmetrical expressions for ?^VIduJ, T^VIdu^. 
Thus 

(«2*-8/)B®F/Btti®+(8/-8i*)B®F/B7<./ + (8i2-8,®)3®F/Btt3® 

= -(S2*-V)(«3®-8i®)(«1®-82®) 

X [B® F/3S® + F®B2 F/Bf?2 - F/BD®], 

all the other terms disappearing. 

If then we put x = ll<?k'8, y = lk^C, s=liD, we have 

- ( 82 ® - Ss^Xss® - 8 i"X«i® - 8 . F 

= (82®-88®)3®F/BUi® 

+ ( 83 ® - «1®)^ 173«2® + ( 8 l® - «2®)^ 17^3®- 
If now we change t(,. into Wr+f.iF', this becomes 
- ( 82 * - S 8 ®X 88 ® - 8 i®X 8 i^ - 8 /X®A;'®V® F-i- 

= 81X82* — 83^)3® F/BUj® 

+ S2®(8 s® - 8l®)3® V/B V + Ss®(8i® - 82*)3® F/BU3* 
The equation V®F=0 is therefore to be replaced by 

8lX83*-83®)3®F/32ti® 

+ 82X83® - 8i*)B®F/BW 3® + 83X81* - 83®)B®F/Btt3® = 0. 


§ 128. Now it is known that the equipotential sur- 
faces of a thin homogeneous homoeoid (shell bounded 
by two similar, similarly situated and concentric 
ellipsoids) are the confocal ellipsoids that lie outside 
it, that is, the surfaces represented by constant 
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if our coiifocal system is that to which the surface of 
the sliell h(']oTi^s. 

If K is the value of the potential it is a function of 
only, satisfying the (equation just written, wliich 
now becomes 

Hence V=Qn^ + R, Q and R being constants. 

Now V vanishes at infinity and at very distant 
points is in a ratio of equality to M/r where M is the 
mass of the shell and r the distance of the point from 
th(‘ centre. 

Also at infinity '2/i = 0, and for small values of 
the surfaces may be regarded as spheres of radius lU/Sy 
H(‘nc(‘. when is small we have 

M8jlJ/ = Qtt^ + R, 
that is, i? = 0, Q = M/ll/, 

Tlie potential of the homoeoidal shell is therefoj*c 

MuJlJ/, 

129. If now we have a homogeneous solid ellipsoid 
whose semi-axes in descending order of magnitude are 
a, h, V and whose density is p, it may be divided up 
into thin homoeoidal shells, to each of which the fon^- 
going will a])ply. To get the difierent shells we need 
only suppose I to vary in the above expression from 

0 to 7 ^, sn its value for the outside surface, being 

n- 

the constant value of for the outside surface referred 
to its own system of coiifocals. 

The sum of the volumes of all the shells up to any 
value of I is 

Vjdn 

so that we substitute for M the expression 
^irpPdl . //^cn ?;,dn 
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which is tli(i differential of this with respect to I 
multiplied by p. The potential of the solid (dlipsoid at 
an external i)oint is therefore 


47r/o/^'‘^cn t’jdn K 


snrj 


sn^'^v 


( 11 , 


and Uj is given as a function of I by the ecpiation 
ic^sn-aj + 2/2sd‘^ai+ A c“?6j = V-1/'^, 

{or, y, z) being the coordinates of the external point. 
We find at once 


h'H ill = {x\c^(l^ + 

Thus if now we write for the value of at 
(,r, y, z) ill the system of confocals to which the outside* 
surface belongs we have for the j)otential 

sn^^^^^ "^1 + Aic%}sn?>6cn ztdn udn 

^ 0 

= + y^nd^u^+sWu^) 

— J (x^n^tv + 

0 

Also by definition of 

ir^sn^Uj + = a^sn^'z;^, 

0 

r i « , 1 sn -?-6,cn ?>6, %h. , 1 y. 


and 


J 

0 

r«i 


pi o 7 1 snu,dnu, 1 y^ 

0 
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Hence the potential 

+ 

Here k^=(a^-b^)/{a^-(^), 

;fc'2 = (62_c2)/(ffl2-C*), 


(In = b/a, 
cn Vi = c/a, 
mv^ = (a^-^c^)^/a, 

and is the least real positive argument tliat satisfies 
the ecjuation 

xhn^u-^ + y^sd^iti + — c\ 

If the point (cc, y, s:) lies on the outer surface, we 
have u^ = Vi 


§ 130. If the point (a?, y, z) lies inside the ellipsoid, 
the above formula ceases to hold. We may however 
describe through (a?, y, z) a similar, similarly situated 
and concentric surface, and use the above expression 
for the volume contained. 

If Xa, X&, Xc are the semi-axes of tliis one, its 
potential is 
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Wc have then to deal with the outer shell. This 
may be divided into thin liomoeoids as before. The 
potential of each is tlie same at all points inside it, 
and equal to 

^irpl dl . t;idn 

This is to be integrated with respect to I between the 
limits \a sn vjlc and a sn and added to the 
potential of the inner part. 

The integral is 

2'7rpa%l — X^) . -^iCn v^dn vjsn 

and the potential of the whole ellipsoid at an internal 
point (x, ?y, z) is found to be 

The expression is the same as for an exteimal point, 
but tliat the constant Vj takes the place of the 
variable Uy 


EXAMPLES ON CHAPTER X. 

1. Prove that ( 1 — 2aj2cos 2a + can be rationalized 
by putting 

X+-— 2 ns(2u, cos a), 


aj— -= — 2 cs(2u, cos a), 


and that then 
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— 2 cos 2 a 4 -^ 2 ^ = 2 (ls(2'#t, cos a), 
= J ( 1 — 2iC“COs 2a + iK^y^dx, 


2. Discuss the spherical hgurc of § 1 1 6 in the ease 
when sinil > sin a and show that in that case we may 
put 

sin OPQ = sn(t(^, sin a cosec A), 
sin OQP = sn(^u — u, sin a cosec A ), 
where -tt — - 4 = am tc;. 

3. If cos0 = cos /8 dn?«, tan = sc'a, 

^ ^ sin H 


where cos a = // cos jS, prove that the point wliose polar 
coordinates are {ii, 0, 0), R being a constant, traces a 
sphei’o-conic whose semi-axes .are a, ^ and that tlu* 
area of a central sector of this sphero-conic is 


JJ^sin 


in a sin ySj. 


dn u du 
1-hcos fi dn u 


4. Prove that the chord joining the points u±a on 
this sphero-conic touches the sphero-conic whose equa- 
tion is 


cot*20 cn2« = cot^j8 dn% cos^0-|-cot^a sin^^, 

and that this has the same cyclic arcs as the former 
one. 


5. Show that the sector bounded by the semi- 
diameters to the points xi±a differs from 

2i22arctan ^ -f cv?a cos^/3) -f dn a cos /3 

sn a cn a sin a sin jS 

by a quantity independent of xi. 

Prove also that the area of the spherical triangle 
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foriiiod by tliese two seiiii-diaiiietcrs and tlio chord 
joining the points u±a is 

^ 7,., , sin a sin B sn a cn a dn u 

2i2-arctan 5 — t 

1 — sn-a silica + dn u dn a cos p 

and tliat the area of the segment cut off by tliis cliord 

is independent of v. 

0. In the same sphero-conic 

(cot^O = cot‘*^a sin^^ + cot^^ cos-0) 

prove that by tlie substitution 

tan 0 = tan a cot /? sin a cosec /5 ch(u, /;), 

where // = sin /3 cosec a, 

tlie exi^ression for the arc is reduced to 

i2 tan a tan B sin B f, — ri — •> « • 

^ tan-j8 sn^ u + tan-a cn% 

7 . Prove tliat at th(‘. intersection of tangents to this 
sphero-conic at the points u±a (as in Ex. (i,uot Ex. 3 ) 

cot 0 _ cot a sin 0 _ cot j8 cos 0 

cii « dll u dn a cn u Z/sn u 
and that as u varies this point traces the con focal 
sphero-conic 

cot^d nchi = cof^a sin20 niPa+cot’^^ coh20. 

8. The length of the tangent at u + a in the last 
example is 

„ tan a t an sn a sin jS 

aic an iicn{u + a )dn(( + tan^/3 sntt sn(tt + a) 

Find the differential coeflScicnt of this expression with 
respect to u in the fonn 

R tan a tan /3 sin Qn\n +a)+ tan^/S 8n2(i6 + a) 


R arctan : 


tan^a cn^+tan‘^)8 sn%^ 



126 


ELLIPTIC FUNCTIONS. 


and prove that the sum of the two tangents exceeds 
the intercepted arc by a quantity independent of u. 

(Compare Salmon, Geometry of Three Dimensions, 
§252.) 

9. Verify that when 

sn2i6 tan^jS + cn% tan^a = 0, 

then 

sn t6= ± cos cn ±^sin /8 cot a, dn it = ±sin 


and the above expression for the length of the tangent 
becomes li arctan±i. 


10. Prove that the following equations give the 
motion of a heavy particle constrained to move on a 
fixed smooth spherical surface : — 


cos 0 = cos a + cos ^ cn^w^ , 

dn 


0 


f piai 

0 

p(at 

+J cos^Ja 


sn% + sin^^^ cn^a 
dn 

sn^it+cos’^IjS cn^ 


). 


where 0 is the angular distance of the particle from 
the lowest point, a, ^ are the greatest and least 
values taken by 6 during the motion, 0 is the angle 
made by the vertical plane through the centre and 
the particle at time t with its initial position, t being 
measured from a time when 0 = ^,1 is the radius of 
the sphere, and 

A;2 = (cos^^S — cos‘^a)/(l + cos^^ + 2 cos a cos 13 ), 

1 / (/(cos jS — cos a)\^ 

" = 7cl 2Z / * 

n^ — 4t sin^a I + + 2 cos a cos /8). 
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11. Reduce the above value of 0 to the form 

n{(d cosec^/3+ Jsc a cosec la cosec a) 

+ 4sc h sec Jtt sec \^ll{(dy 6)}, 
where dn a = sin J a/sin 

dn h = cos Ja/cos J/3. 

What is the general character of the motion ? 

12. On a curve of deficiency 1 and degree n, the 
sum of the arguments of its intersections with a curve 
of degree m is cr. Show that ii n> 3 the fact of the 
sum of the arguments of mn poiiits on the curve 
being a- does not ensure that the points lie on an 
but that if = this condition is enough. 

13. If the curve of intersection of two conicoids is 
projected from any point of itself on any plane, the 
projections will all be projections of the same plane 
cubic. 

[The anhannonic ratio of the four tangents drawn 
to any of the cubics from a point on itself is the same 
for all. It may be expressed as a function of the 
elliptic modulus.] 

14. Verify that the expressions found (§§129, 130) 
for the potential of an ellipsoid satisfy Laplace's and 
Poisson's equations, and find the components of the 
attraction at any point. 

15. In Jacobi's coaxial circle figure (Fig. 2, §105), 
prove that when a^iK\ 0 is at B, and when 
a^K+iK\ at A. In general when 0 lies between 
L and L\ so that the variable circle is imaginary, the 
real part of a is an odd multiple of K. 

16. The arguments of the circular points at infinity 
are ±iK\ and of the other common points of the 
coaxial system K ± lK\ 

1 7. If I, m, n are in descending order of magnitude 
show that the two ends of a chord of the circle 

which touches the ellipse 
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have for tlieir coordinates i:msn(u±a), mdn(u±a), 
where 




n 1 n 

cna = -r, ana = - 
L m 


and is a variable parameter. 

18. If x+Ly=^m(u + Lv\ the points on the curves 
/>«/ = const., 7; = const, at which the tangents are parallel 
to the axes of coordinates, lie either on one of tliose 
axes or on a rectangular hyperbola whose axes they 
are. (See Appendix A.) 

19. If 

or cii^ib+iv) or dn\u+iv) or p{u+iv), 

the curves it = const., = const, arc confocal Cartesian 
ovals, and for one value of each the oval becomes a 
circle. Distinguish between the outer and inner ovals. 
(Greenhill.) 

20. Examine the curves it = const., i; = const, when 


aj+ty = sn(it+ti;)dc(zt+ft;). 

[The distances of the point (.r, y) from the points 
(±/i;, ±/;') are found to satisfy two linear relations. 
Hence the curves are bicircular quartics having these 
points for foci. In the particular cases when u = ± J A, 
or t;= ± ^K' they become arcs of the circle £t;^+t/2= 1.] 
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THE GRAPHICAL REPRESENTATION OF 
ELLIPTIC FUNCTIONS. 

§ 131. The nature of the elliptic functions unfits 
them for representation by a linear graph as in the 
case of functions of a real variable. We may however 

f et some idea of their variations by means of Argand's 
)iagram. 

Let a; + e 2/ = snOW' + 

X, y, n, V being real, and let us examine the curves 
u = constant, v = constant ; we need not consider values 
of u outside the limits ±2K or of v outside ±K'. 

Call the point (aj, y)P and the points (1, 0), ( — 1, 0), 
(l//c, 0), ( — 1//% 0), Aj D respectively. Then 

= { 1 — sn(tt + c i;)} { 1 — sn( w — f t;)} 

= (cn tv — dn tv sn uy/(l ~ Jc^sn^'W sn^tv), 

BP^ = (cn « t; + dn tv sn uy/(l — k^&n^u snhv), 
k^GP'^ = { 1 — /i3 sn(u + tv)} { 1 — /»; sn (u — t v) } 

= (dn tv — k cn tv sn uy/{l — k^n^u snhv), 
B^DP^ = (dn tv + k cn tv sn t^)^/(l — k^sv^n sn^tv). 

Hence 

dntvsnu entv entvsnu dntv 
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Thus the locus when is a constant is given by 
BP^AP = {DP^ CP)dc ci;, 
or the equivalent 

BP+AP^k{DP+CP)(t(i LV. 

The locus when u is a constant is given by 
BP--AP= k(DP + 6P)sn u, 
or BP+AP= (I)P^CP)ntiu. 

The curves in each case are bicircular quartics having 
A, B, (7, D for foci. They are symmetrical about both 
axes. 

The curves ^ 2 ;=: const, are found to be a series of 
ovals enclosing the points (±1,0) but not the points 



The ends of the axes of these ovals are the points 

( ± cd ( V, 0) and (0, ± i sn iv). 

When V is indefinitelv diminished the oval shrinks up 
into the straight line between A and B, As v increases 
in magnitude irrespective of sign the oval swells out. 
The points on the axis of x are points of undulation 
when 2 cdhv = l + l/k^, and for greater values the oval 
swells out above and below the axis of a?, and is 
narrowest at the axis. In the limit when v= ±K\ it 
becomes the part of the axis of x beyond (±1 /Zj, 0), 
together with the line at infinity. 

The curves u = const, consist each of a pair of ovals, 
one enclosing the points (1, 0)(l//<;, 0) the other the 
points ( — 1, 0)( — 1/^, 0). Each of these cuts each of 
the curves 1 ;= const, orthogonally. 

Of the two ovals, the one on the positive side of the 
axis of y belongs to the values u and {u being 

positive) and the other to the values — u and — 2K+u. 
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When u= ±K the corresponding oval shrinks into 
the straight line between (±1, 0) and (±l//o, 0), the 
upper or lower sign being taken throughout. When 
u = 0 the oval swells out until it becomes the axis of 
y with the lino at infinity. 

The curve 7 ; = JiT' is the circle whose centre is the 

origin and radius /r^. 

§132. Since 

dn(u + 1 V, Zi) = Z'/sn('i; — tu+K' — tK^ 1/), 

the figures for the function dn will be of the same 
general nature as those for sn. The foci 

(± 1 , ())(± !//-,()) 

are replaced by ( ± Jc', 0)( ± 1, 0) 

respectively, and the single central ovals are now the 
curves const., the pairs of ovals belonging^ to the 
system t; = const. The curve u = is a circle of 

radius k'^. 

In the case of the function cn the figures are 
difierent. 

Putting x+iy = cn(u+iv)y we have 
x = cnucn iv/(l — k^ sn^u sn^t y), 

^ £ sn u sn i?; dn u dn tv/{l — k^ sn% fmhv). 

The curves = const., t; = const, are still bicircular 
quartics but the four real foci are not collinear. They 
are the points (±1, 0)(0, ±k'fk), each of these pairs 
being collinear with the antipoints of the other.* 

Each of the curves consists of a single oval. The 
curves u = const, enclose the foci (0, ±k'/k) and not 
( ± 1, 0). The curve u = 0 consists of the parts of the 
axis of X beyond the points (±1,0), the curve u=s ±K 

* This may be compared with § 131 by means of the formula 
cn(w, k) = aiX{k'K - kfu^ ik/k'), 
which follows from equations (20) of § 26. 
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of the line between the points (0, ±k*jk). As u de- 
creases numerically from ± jK' to 0, or increases from 
±K ±2K, the oval swells out. It has points of 
undulation on the axis of x when 

2cn% = l-Z-.^/A*2 if 

When cn^u is greater than the value thus given the 
oval is shaped rather like a dumb-bell, and the two 
ends of it expand to infinity as u diminishes to 0 or 
increases numerically to ± 2K, 

Since 

k cn(u + A;) = — iMcn.(v — m -h A'' — / A", //), 

the general form of the curves u = const., = const, is 
the same if one set is turned through a right angle. 
There will be points of undulation on one of the 
curves const, if k''^>1c^y that is if there are not on 
any of the curves = const. 

§ 133. These bicircular quartics are shown in figures 
4a, 5a, 6a, for sn, cn, dn respectively. They have been 
drawn to scale with some care for the value ^2 — 1 of k, 
and for values of u and v wliich ar^successive multiples 
of \K and \K' respectively. 

In each case the curves const, are drawn thick, 
and the curves = const, thin. The figures 4&, 56, 66 
show on the same scale the corresponding variations 
in the argument, corresponding lines in the two figures 
being numbered alike. Only one period-parallelogram 
has ^en drawn for each function. In each case the 
centre is at the origin. 

The figures 46, 66, 66 are reproduced on a smaller 
scale as 40, 6c, 6c the parallelograms being divided 
into the regions that correspond respectively to the 
four quadrants in 4a, 6a, 6a. 

In figure 6a the curves v = 0, v= ±\K\ 
v^± 2K' are too small to be shown. 
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APPENDIX B. 


HISTORY OF THE NOTATION OF THE SUBJECT. 

§ 134 The notation used by Legendre was as 
follows : — * 

F{k, e)=j (1 -4*8in*0)‘*d0, 

0 

E{k, 6)= 

0 

F{h E{k, J7r) = ^#), 

ri(^, ti, 0)=| (1— Psin*0)"W/(l + 7^sin20), 

0 

A0=(l-A?sm20)i 

Jacobi and Abel proposed to take FQcy 0) as the 
independent variable. Putting u for this, Jacobi 
called d the amplitude of u, or shortly am u. Then 
sind, cosd, Ad were the sine, cosine, and A of the 
amplitude of u, or as he wrote them, 

sin am u, cos am u, A am u, 

* The expressiona i^A;, ff), i7(A;, S), n(A;, n, ff), were called the First, 
Second, and Third Elliptic Intograls respectively. 
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He used the symbol coam^ for am(^— tt), and also 
tan am u, sin coam u, etc. 

He changed the meaning of the symbols E, H to 
those we have given (Chap. V.), and also brought in 
the function Z. 

It was proposed by Gudermann to write sn, cn, dn 
for sin am, cos am, A am, and the notation sc, cd, etc., 
was introduced by Dr. Glaisher. Sometimes tn is 
written for sc, ctn for cs. The function gd (see §75, 
note) is the amplitude, the modulus being unity. For 
the notation of Weierstrass see Chap. VII. 

In the further development of the subject other 
symbols are wanted. Jacobi used the Greek capitals 
0 and H ; the functions 0?x, Hu may be defined as 
follows : — 

0u = Zt; 

Hu = ^A.0u.8nu. 

The arbitrary constant in the value of 0 is not 
determined until a later stage. 

Some of the properties of the function 0u have been 
suggested in the examples to Chapter VI. 



MISCELLANEOUS EXAMPLES 


(FROM EXAMINATION PAPERS). 


1. Prove that 

sd(ir + y)sd(x - 


y)= 


sd^iT - sd-V 
l+¥FWx 8 ¥y' 


2. Show that 


cn(x + y) = !da;cn£-8dj^^ 
sd d; cn ^ sd ^ cn o; 


o cnacn/S^-cn(a + )8) dn a dn /S - dn(a + /G?) 
sn o sn /J an(a + ;8) • 

3. Two sets of orthogonal curves (Cartesian ovals) being 
defined by the equation 

x + iy = m^{^(u + iv)j k], 

show that the polar coordinates of any point (m, v) are 
given by 

cos &)dn(g, k) 

Sn(M, k) — cn(M, A)3n(», kf) ’ 


sin = 


k'Huju, k)BJi(Vy k') 
du(«, k) - cn(w, ^)dn(t;, A;')* 


r 


1 - cn(^, k)Qiti{Vy If) 
dn(«;, Id) + dn(w, k)Qn{v, k')* 
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4. Prove that the functions 

(cs cd M cn sd -le sn uY 

and (ds uA.QuA.nu + u sd ia sn v)^ 

have periods K and iK\ 

5. If w=ir( — 

e 

where a, h, c are positive quantities in descending order of 
magnitude, then 

€ sn^M = a cn“% - a, 
the modulus being { (a - 5)/(a - c) }i. 

6. Show that 

Psn 1(^1 + iig + ^3 + ” '*' 4 ) 

X sn - U 2 + ~ *^ 4 )®^ - Wg - -Wg + 

~~ ~f~ ic^lc ““ k ^ 

*” did^d^d^ - khjC^c^c^ - k^k'\S2SQS^ + k''^* 

7. Show that the form assumed by a uniform chain of 
given length whose ends are at two fixed points is re- 
presented by the equation 

k'’^y=2kbsii^-'^~, 

when its moment of inertia about the axis of x has a 
stationary value. 

8. Prove that 

cn(J? - C)sn{C -A) + dn(J5 - C)sn(-^ - B) 

-f- sn(5 - C)cn{0 - A)dn{A - ^) = 0. 

9. Verify that 

{1 - khn '^( c -f d)sn '\ a - ^)} { 1 -- k^sn\a + b)&n\c -d) ] 

{i - Fsn2((j + J)sn2(a - J)} { 1 - A^sn2(c + d)aii^(e - d)] 

is a symmetric function of a, by c, d. 
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10. Prove that 


d-ik sc _ c-isd 
c + isd '“d + iksr^ 


where s, c, d denote sn u, cn u, dn u respectively. 
11. Prove that 


- Asn 2 (u + = 


n-^ckS C-^tS 
C + tS ’^D + tkS 


C-kD^ik'^S D-kC 
D^kC '^O-^kD + ik'^S* 


where S = sii 2u^ C—ctl2% D — dn 2?/. 

12. If xx^ <lenote sc(wx - 'M^)cs(% + ^ju) 

2 ® 43 « 12 ® 23 % + %^28 + ‘^ 42^31 + 

13. li k^^ (whore oi^ + w + 1 = 0) then 

1 - sn(o) - io^)u __ 1 - sn w/ 1 ~ 0 ) sn 
l+sn(a>-a)2)w”"] +sn24\l +a>sn u) * 

14. If Ow = p?t + p(ti + o>) -po), 

then {QuY = 4:QH + - 22^3. 

15. Evaluate ^{(pu--^v)Huy and express ^{gm - gfv)'‘^u 
in terms of 

16. Find ^ndudu. 

Prove that 

3jdn% rfw = 2(1 + k'^)Eu + khn w cn dn w - A'%, 

= E(u + K+ iK') + dc a, 

Jl+sna ' 

2 Af 8nMdM=log|^. 
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17. Show that 


J log sn w rfw = - ^ A'log Ic, 

0 

J log (mudu= - \TrK + JXlogp 
0 

J logdn«Arfw = AjSTlog^. 

0 

(In the first put = d and expand in powers of h) 

18, Prove the formulae 

I log(l - h^mH)du = - JttX' + , 

u 

j* log( 1 + dn v)du = \7rK + 1 A'log h 
0 

19, Prove that 


n(i4, a) + n(t;, a) - n(w + V, a) 

_ 1 2 { 1 - kHn^u + a)sn^(?? + fr) } { 1 ~ Fsn% sn^(?// + ^ - a) } 

^ { 1 - kHxi\u - a)sn^(t? - a) } { 1 - khn^a + v + a)Y 

20. Expand J* ^rU'adu in ascending powers of W*, and 

0 

thence, or otherwise, prove that 

d n J 7 f^sn”‘^®w 7 
m^udv,—k\ ~^...du, 
dk] J dn% 

U 0 

(Compare Ex. 12, Chap. IX.) 

21. In Weierstrass’ notation, if J is the absolute invariant 
as given by the equations 

J-\ J 1 ‘ 
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then the periods satisfy the differential equation 
/(I - /)^(yAA) + ^(4 - 7/)|^(yA*) 

22. Verify that the expression of Ex. 19 agrees with 
that of Ex. 15, Chap. VI., and with that of § 67. 

23. Find expressions for the arcs of the curves, 

3,=6jfc'nc?^. 

0 


GLASGOW : PBTNTED AT THE UNIVEBSXTY PRESS BT ROBERT HAOLBHOSB. 












